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PREFACE TO THE FIRST EDITION 


{n 1915, the author published in the series of Hdinburgh 
Mathematical Tracts a brief introduction to “ Automorphic 
Functions.” This booklet has been long out of print. Except 
for this little volume, no book on the subject has ever appeared 
in English. This is regrettable, in view of the importance of the 
subject to those whose interests lie in the field of Functions of 
a Complex Variable and of its numerous contacts with other 
domains of mathematical thought. 

It has been the author’s aim in the earlier chapters to lay the 
foundations of the theory with all possible rigor and simplicity. 
The introduction and use of the isometric circle (the name was 
suggested by Professor Whittaker) have given the theory of 
linear groups a simplicity it has not had hitherto. The funda- 
mental region which results was given by J. I. Hutchinson, in 
1907, and independently by G. Humbert, in 1919. But the 
interesting properties of the circle itself and ita utility in the 
derivation of the theory seem to have escaped the attention of 
workers in the field. It may be stated here, that much of the 
material involving the isometric circle embodies researches of 
the author which have not appeared elsewhere in published 
form, 

In the later chapters, the author’s task has been largely a 
matter of selection of material and method of treatment. Here, 
also, the use of the isometric circle has often led to a simplifica- 
tion of the proofs. The material included has been, perhaps, 
a4 matter of the author’s personal taste. The classical elliptic 
modular functions deserve a place as the best-known examples 
of non-elementary automorphic functions. The theory of 
conformal mapping has been presented at some length—from 
the modern function-theory point of view—as a preparation 
for the theories of uniformization which follow. The chapter 
on Conformal Mapping can be read independently of the reat 
of the book. In the final chapter, the connection between auto- 
morphie functions and differential equations is brought out. 
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This treatment, which is necessarily brief, leads up to the 
triangle functions. 

The connection between groups and non-Euclidean geometry 
has not been treated, as it now seems of less importance, in 
view of the way the foundations have been laid. A chapter 
on Abelian Integrals, treated in the light of uniformization, 
would have been of interest; however, the subject has not been 
worked out to any extent. This chapter should probably not 
be written until some geometer sets up a product for the prime 
function for the Fuchsian group of the first kind. Finally, 
the book might have been improved by a more extensive use 
of the theory of normal] families of functions. 

It is now almost fifty years since Poincaré created the general 
theory of automorphic functions, in a brilliant series of papers 
ir the early volumes of Acta Mathematica. Since that time, 
the subject has had a steady growth, The material in the 
present volume will be found to spring very largely from 
researches of the past twenty years, either in content or in 
method of treatment. The theory of uniformization rests on 
the papers of Koebe and Poincaré, published in 1907. The 
first rigorous proof of the possibility of mapping one plane 
simply connected region upon another was presented by Osgood, 
in 1901, but the treatment of this and similar problems by 
function-theory methods came a dozen years later. Area 
theorems and other aspects of mapping are of still later date 
and are active subjects of investigation today. The founda- 
tions of the theory of groups, as previously stated, are based 
on the author’s studies during the past few years. 

The author wishes to thank Prof. E. T. Whittaker for various 
kindnesses while at the Mathematical Laboratory of the Uni- 
versity of Edinburgh. He is indebted similarly to Profs. Otto 
Hélder and Paul Koebe, of the University of Leipzig. He 
received much profit from the lectures of Professor Hélder on 
“Elliptic Modular Functions” and from those of Professor 
Koebe on “Uniformization.” So much of the material in the 
latter half of the book was gleaned from the published papers of 
Professor Koebe that specific references have often not been given 
and attention is called here to that fact. The author acknowl- 
edges a debt of long standing to Prof. W. F. Osgood, whose 
inspiring teaching first aroused an interest in the subject dealt 
with in this volume and whose ‘“Funktionentheorie” has been 
a mine of usefulness. 
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The preceding gentlemen are in no wise responsible for such 
defects as the book possesses. Their encouragement and their 
suggestions have been valuable; but they are busy men, and the 
author has not presumed to ask them to read the manuscript. 
The only assistance in the task of writing the book was from 
Mr. Jack Kronshein, a student of the University of Leipzig, 
who, as a labor of friendship, typed most of the manuscript 
and cheeked many of the formulx. 

The author’s chief debts are to the National Research Council, 
whose grant of a fellowship made the writing of the book possible, 
and to the Rice Institute, which gave him leave of absence, 

L. R. F. 


Hovarton, Texas, 
June, 1920. 


PREFACE TO THE SECOND EDITION 


This volume has been out of print for several years and I have 
had many letters asking how it could be secured. I am much 
pleased therefore that the Chelsea Publishing Company has 
wished to reissue the book in its valuable series of reprints. 


There has been no essential revision of the text. Numerous 
errors have been brought to my attention by readers, particularly 
in the formulas, and these have been corrected. er 


CHARLOTTESVILLE, VIRGINIA 
Auguat 1951. 
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AUTOMORPHIC FUNCTIONS 


CHAPTER I 
LINEAR TRANSFORMATIONS 


1. The Linear Transformation.—Let z and 2’ be two complex 
numbers connected by some functional relation, 2’ = f(z). Let 
the values of z be represented in the customary manner on an 
Argand diagram, or 2-plane, and the values of 2’ be represented on 
a second Argand diagram, or z’-plane. To each point 2 of the 
first plane for which the function is defined there correspond one 
or more values of 2’ by virtue of the functional relation. To 
points, curves, and areas of the z-plane there correspond, usually, 
points, curves, and areas in the 2’-plane. We shall speak of the 
configurations in the z-plane as being transformed by the func- 
tional relation into the corresponding configurations in the 
2’-plane. 

We shall find it convenient to represent 2’ and z on the same 
Argand diagram, rather than on different ones. Then the 
functional relation transforms configurations in the z-plane into 
other configurations in the z-plane, In what follows but one 
plane will be used unless the contrary is stated. 

The whole theory of automorphic functions depends upon 
a particular type of transformation, defined as follows: 


Derinition.—The transformation 


afb ‘ 
ins ca 1) 
where a, b, c, d are constants and ad — be ¥ 0, is called a linear 


transformation. ' 

The present chapter will be devoted to a study of this funda- 
mental transformation. 

1 This is more properly called a “linear fractional transformation ''; 
but we shall use the briefer designation, It is also called a ‘ homographic 


transformation,” 
If ad — be = 0, the equation reduces to 2" = constant; but this case is 


without interest. 
i 
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The quantity ad — be is called the determinant of the trans- 
formation. It will be convenient to have always 


ad — be = I, (2) 


the determinant in the general case becoming 1 if the numerator 
and denominator of the fraction in the second member be divided 
by +4/fad — be), 

The second member of (1) is an analytie function of z. The 
linear transformation has, therefore, the property of conformal- 
ity; that is, when a figure is transformed, angles are preserved 
both in magnitude and in sign, 

We note that for each value of z, equation (1) gives one and 
only one value of z’. There is no exception to this statement if 
we introduce the point at infinity. Thus if ¢ + 0,2 = —d/cis 
transformed into z’ = », and z = & into 2’ = a/c; if ¢ = 0, 
z= & is transformed into 2’ = o, 

Let equation (1) be solved for z: 

Pern i (3) 
cz’ — a 
This transformation which, applied after the transformation (1) 
has been made, carries each configuration back into its original 
position is called the inverse of the transformation (1). We note 
that (3) is a linear transformation; hence, 

THEOREM 1,—The inverse of a linear transformation ts a linear 
transformation, 

We note that (3) is formed from (1) by interchanging a and d 
with a change of sign. When formed in this way the determinant 
is the same as in (1). 

We sce from (3) that to each value of z’ there corresponds one 
and only one value of z. We have, then, the following result: 

THEoreM 2.—The z-plane is transformed into ttself in a one-to- 
one manner by a linear transformation. 

Moreover, the linear transformation is the most general 
analytic transformation which has the property statedin Theorem 
2. We shall prove first the following theorem: 

THEOREM 3.—TIf, except for a finite number of points, the plane 
is mapped in a one-to-one and directly conformal manner upon a 
plane region, the mapping function is linear. 

Let 2’ = f(z) be such a mapping function; and let @,, gs, . .., 
Qn(= ©) be the excepted points. Owing to the conformality, 

f(z) is analytic except at the isolated points Mi, -.».;,9n- Nowa 
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is not an essential singularity, else the function takes on certain 
values an infinite number of times in the neighborhood of the 
point, which is contrary to hypothesis. Hence, f(z) either 
remains finite in the neighborhood of g;, and hence is analytic 
there if properly defined, or has a pole, So f(z) is a rational 
function of 2. 

A rational function which is not a constant takes on every 
value m times, where m is the number of its poles. Since f(z) 
takes on no value twice, it has a single pole of the first order. 
If the pole is at a finite point gq, we may write 


fe Ag Ae a eee Aix0. (4) 
z— Ok z— 
If the pole is at infinity, we have 
z’ = Ay + Ao, Ai ~ 0. (4°) 


In either case the function is linear. 

CorRoLLARY 1.—The most general one-to-one and directly con- 
formal (where conformality has a meaning) transformation of 
the plane into itself ts a linear transformation. . 

We have not defined conformality when one of the points 
involved is the point at infinity. Excepting the point z= = 
and the point of the 2-plane which is carried into 2’ = ~, the 
transformation is to be conformal. Theorem 3 then applies, 

JOROLLARY 2.—The most general one-to-one and directly con- 
formal transformation of the finite plane into itself is the linear 
transformation 2’ = A,z + Ao. 

We shall now consider the successive performance of linear 
transformations. After subjecting the z-plane to the transforma- 
tion (1) let a second linear transformation 








ot me 2 +8 5 
ght ve + 6 (5) 
be made. Expressing 2’’ as a function of z, we have 
az +b 48 
y ata"? _(aatsetadt+ad 
"ae $b (ya + tele + 7b + od 
Vee + d 


Making the transformation (1) and then making (5) is equivalent 
to making the single transformation (6). Now, (6) is a linear 
transformation; its determinant, in the form in which the fraction 
is written, is (ad — bc)(ad — By). It is worth noting that if the 





4 LINEAR TRANSFORMATIONS [Sec. 2 


determinants of (1) and (5) are each unity, that of (6) is also 
unity without further change. 

If 2 be subjected to a linear transformation, we conclude on 
combining the new transformation with (6) that the succession 
of three linear transformations is equivalent to a single linear 
transformation, and so on. We have then the following result: 

. THEOREM 4.—The successive performance of a finite number of 
— transformations is equivalent to a single linear transforma- 
ton. 

A further well-known property of the linear transformation is 
expressed in the following theorem: 

THEOREM 5,—The Linear transformation leaves invariant the 
eross-ralio of four points. 

Let 2), 20, 23, 2, be four distinct points and let 2,’, zs', 25’, z,' be 
the points into which they are transformed by (1). We shall 
suppose all the points are finite. We have 


; fm Mth _ a+b (ad — be)(z, — 2) 











2; =z = . By SIP 
: rtd caia+d (cz, + d)(cz. + d) " 
lia Wises oid, m7) 
(cz; + d)(ezo + d)’ 
whence 
, ’ fr i 
(2, = £2") (z3" —~#)  (a- 22) (2% — 25) (8) 


(21° = 2a')(ze’ — 24’) (2) — aa) (2p — 4) 

If one of the points is at infinity, we make the necessary change 
in (8) by a limiting process, Thus, if z, = « and 21° = oo, (8) 
becomes 
tz 8 _ — 
te 0 tk — By 

2. Symbolic Notation.—For brevity in Writing and for con- 
venience in combination, we shall represent the second member 
of a transformation such as (1) by the functional notation, using 
capital letters for the function; thus, | 





mona 
so that (1) becomes 
2 = T(z). 


We shall speak of this as the transformation 7’, the argument z 
being omitted unless ambiguity might arise without it, If two 
transformations are the same, 7',(z) = T(z), this is indicated by 
the equation 7, = T. 
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Let S be the transformation (5), so 
2" = Sz"). 


2 = S| T(z)] = ST (z), 
Thus, the succession of two transformations is written as a 
product, the enclosing brackets of the functional notation being 
omitted. It should be noted that ST is the single linear trans- 
formation resulting from making first the transformation T' and 
then the transformation S, the order of performance being from 
right to left. 7S is, in general, different from ST. 

It is easily seen from the meaning of the symbols that the 
associative law of multiplication holds, 

U(ST) = (US)T, 
and there is no ambiguity in writing simply UST. Ina product, 
any sequence of factors may be combined into a single linear 
transformation, 

The transformations equivalent to performing 7 twice, thrice, 
etc., are represented by 7°, 7°, etc. Thus, 7*(z) means T[T'(z)). 
The inverse of T' is written 7'-'; hence, from (3) 

T-\{2) = —de + b 
c-a 
The result of applying the inverse n times is represented by 
TT". If we represent the identical transformation, 2' = z, by 
1 so that I(2) means z, we observe that positive and negative 
integral powers of 7 together with unity combine in accordance 
with the law of the addition of exponents in multiplication. 

The inverse of a sequence of transformations can now be 
written down, To find the inverse of ST’ we make on the plane 
transformed by S7 the transformation S—* followed by T'-'; we 
have 


Then, (6) is 


(TS )(ST) = T-“(S-S)7 = TT = 1. 
Thus, 7T-'S-' is the transformation which, applied after ST, 
carries each point back to its original position; so T’~'S~! is the 
inverse of ST’. In a similar manner we have for any number of 
transformations 

(ST --- UV¥)-' = V-!U-!. . . T-ig-t, 

The rule for the transposition of factors by division is easily 
found. Let UST = V; then, 
(UST)T— = VT-4 or US = VT", 


and 
U-“UST) = U-'¥, or ST = U-'V. 
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Then, in an equation connecting two products, the first (last) 
factor of one member can be transferred to the beginning (end) 
of the other member by changing the sign of itsexponent. Thus 
symbolic division is permissible, provided the proper order of 
performing the operations is followed. For example, the inverse 
W of ST - - - UV is a transformation such that 


WST Pe uy = 1. 


By repeated division on the right we get the result given above. 

3. The Fixed Points of the Transformation.—The points 
which are unchanged by the transformation (1) are found by 
setting z’ = z in (1) and solving the resulting equation. 





az +b 
eae TH+ d—ae—deuO, (9) 
Suppose, first, that c = 0. Then, (9) has the two roots 
hy & = 2 o8 VM (10) 
where 
M = (d — a)? + 4be = (a + dd)? — 4, (11) 


The second expression for M is derived on the assumption that 

ad —be = 1. We see from (1) that © is not transformed into 

itself, so there are at most two fixed points. If Af = 0, that is 
ifa-+d = +2, there is but one fixed point, 

a—d ) 

= oe (12) 

If c= 0, we must have a ¥ 0, d «0 since, otherwise, the 

determinant would be zero. We see from (1) that © is then a 

fixed point. Solving (9) we get a finite fixed point provided 

ad, The fixed points are 
hes” » & = @, (13) 


a 
If ¢ = 0 and a = d, (1) takes the form 
zoe z+ bh, 

a translation with the single fixed point, ¢ = co. In the case 
c = 0, we see from (11) that we have, as before, two fixed points 
if M + 0, and one fixed point if M = 0. 
; There cannot be more than two fixed points unless (9) is 
identically zero; that is, c = 0, d = a,andb= 0, Equation (1) 
then takes the form 2’ = z. Hence, 
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Turorem 6.—The only linear transformation with more than 
two fired points is the identical transformation 2' = z. 

By means of this theorem we are able to prove the following 
important proposition: 

THEOREM 7.—There ts one and only one linear transformation 
which transforms three distinct points, 21, 22, zx, into three distinct 
points, 2)’, 20, 21’. 

We shall prove first that there is not more than one such 
transformation. Let 7 be one transformation carrying 2:, 2s, 
2, into 2,’, 2s’, 2s’, and let S be any other such transformation. 
Consider the transformation 7'-'S. We have S(z,) = z,;' and 
T—*(z;') = 2,3 80 

T—'S(z2,) = T-'z,’) = 2. 
Hence, 2), and similarly 2, and z;, are fixed points of the trans- 
formation 7S. It follows from Theorem 6 that 
TS = 1; 
whence applying the transformation JT’ to both members, 
S= fT. 
There is, thus, not more than one transformation of the kind 
required. 

We shall prove that there is always one such transformation 
by actually setting it up. If none of the six values is infinite, 
consider the transformation defined by 

(2' — 21')(29" — 25’) _ (2 — 21)(@2 — 2s) (14) 

(2" — 2¢')(2," — 23')  (@ — 2g)(2, — 2s) 
an equation which expresses the equality of the cross-ratios 
(2’zy", Za'Za") and (221, Zo¢s). This is of the form (1) when solved 
for 2’ in terms of z. It obviously transforms 2:, 22, 23 into 2,', 
2’, 2a’; for both members of (14) are equal to zero whenz = 2), 
z’ = 2,’; they are both infinite when z = zo, 2’ = ze’; and they 
are both 1 when z = 23, 2’ = zy’. 

If one of the given points is at infinity, we have but to replace 
the member of (14) in which that point occurs by its limiting 
value when the required variable becomes infinite. If z, = @, 
Zj = ©, OF Z3 = ©, we replace the second member of (14) by 

Set Eraviuc brace AM fs Un. 

— £2 2) “™ £3 Z2- Ze 
respectively; and a similar change is necessary in the first member 
for an infinite value of z,', z:', or 23’. In any case, there is one 
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ORS with the desired property, and the theorem is 
Mquation (14) is a convenient form for use in actually settin 
up the transformation carrying three given points into three ibe 
points. Theorem 7 will be of great utility in our subsequent work; 
to prove that two transformations are identical, we shall have 
merely to show that they transform three points in the same way 

4. The Linear Transformation and the Circle.—Since we are 
operating on the complex number z it will be convenient to have 
the equations of curves expressed directly in terms of 2. Ifz ia 
the real part of z and iy is its imaginary part, and if we represerit 
by 2 the conjugate imaginary of z, we have Cis 

z=r+ty, Zez—7 a) 
From these we have 5 pine 


t=4@+2), y=3@-2), #=a+y% (16) 


From the first two equations of (16) we can readily express the 
equation of any curve in terms of z and z. | 
We shall now get the general equati 
he gene juation of the cire] 
straight line. The equation Pwo daca 
| A(z? + y*) + hz + hy tC = 0, 
where the constants are real, is the general equation of the circle 
(possibly of imaginary or zero radius) if A ~ 0, and is the general 
equation of the straight line if A = 0 and 6; and 6: are not both 
zro. Substituting from (16) we have ‘ ¥ 
Azz + l(b, — ibs)2z + 1o(b, + ib.)2 + CO = 0, 
Putting B = }¢(b, — ibs), this takes the form 
Azz + Bz + BB +C =0 (17) 
where A and C are real, Equation (17) is the general equation 
ae circle if A = 0 and of the straight line if A = 0. B = 0 
é center and radius of the circle are easily fou iti 
‘le as nd. é 
(17) in the form ri 2 


B B\ BB— AC 
(: Ri aXe 8 i) a 


we see that the first member is the Square of the distance of z 
from —B/A. Hence, (17) is a circle with center —B/A and 


=, Tee ee 
radius 4/— 7* ons Since we shall be interested only in real 





circles, we shall require that BB > AC. 
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Now let us see what the circle or straight line (17) becomes 
when the linear transformation (1) is applied. Substituting 


from (3) 














Pes isan to pa Ree Baal 
ema "esa 
we have 
(—dz' + b)(—d?’ +6) , ,—-de' +b , =—d2' +6 . 
a (ez' — a)(é#' — a) Mc eaataa +B — +C=0. 
(18) 


Clearing of fractions and collecting terms, we have 


[Add — Béd — Bed + Ccéjz’?’ 
+ [—Abd + Bad + Bhe — Céc]z' 
+ [—Abd + Bbé + Bad — Caéjz' 
+ Abb — Bab — Bab + Cad =0. (19) 


In this equation the coefficient of 2’2’ is real, for dd and cé are 
real, being each the product of a number by its conjugate; 
and Béd + Bed is real, being the sum of a number and its con- 
jugate, Similarly the constant term is real. Also the coefficient 
of # is the conjugate of the coefficient of z’. Therefore (19) 
is of the form (17). We have then the following result: 

TueoreM 8.—The linear transformation carries a circle or 
straight line into a cirele or straight line. 

It will often be convenient to consider the straight line as a 
circle of infinite radius, in which case we say briefly that a circle 
is carried into a circle. 

It is easy to see when the transform will be a straight line. 
The straight line is characterized by the fact that it passes 
through the point «. Hence, if the point which is carried to ~ 
lies on the original circle or straight line, the transform will 
be a straight line; otherwise the transform will be a circle. 
This is easily shown analytically. For the coefficient of 22’ 
will vanish if (dividing by cé) 


A(-X-D+0(-)+0(D +00 
ec C Cc c 


that is, if —d/e lies on the original circle or straight line. 

Since three points determine a circle, we can set up a trans- 
formation which carries three distinct points of the first circle 
into three distinct points of the second circle. Having chosen 
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the first three points, the transformed points can be selected in 
an infinite variety of ways (©? ways, in fact); and each different 
selection gives a different transformation. Hence, 

THEOREM 9.—T here exist infinitely many Linear transformations 
which transform a given circle into a second given circle. 

In particular, we may choose the second circle to be the 
same as the first. Hence, there are ~? linear transformations 
which transform a given circle into itself 

5. Inversion in a Circle.—There is an intimate relation, 
as we shall now show, between the linear transformation of the 
complex variable and the geometrical transformation known as 
“inversion in a circle,” 

Consider a circle Q with center at K and radius r. Let P be 
any point of the plane and construct the half line KP, beginning 
at K and passing through P. 
Let P; be a point on the half 
line KP such that KP, - KP = 
r*; then P, is called the “‘in- 
verse of P with respect to the 
circle @.”’ The relation is a 
reciprocal one; P is the inverse 
of P;, We speak of P and P, 

Fic. 1. a3 points inverse with respect 
to @. 

Inverse points have the property that any circle passing 
through P and P,, the inverse of P with respect to Q, is orthogonal 
to @. For, let Q' be any circle through P and P, and draw KT 
tangent to Q', T being the point of tangency. We have 

KT? = KP,.KP = 7 
whence, 7' lies on Q. The radii to T are perpendicular and the 
circles are orthogonal, 

We shall now get an analytie expression for the transformation. 
Let P, Pi, and K be the points z, z;,and kin the Argand diagram, 
The equations of the transformations are 


(22 — kz — bY = r?, arg(z; — k) = arg(z — k). 
The first equation expresses the condition KP,-KP = +?: the 
second expresses the collinearity of K,P, and P,, Since arg(z — 
k) = —arg(2 — k), the two equations are satisfied if, and only if, 
(2; — k)(2 — &) = 2. (20) 
This is the equation of inversion in terms of complex variables, 
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If Q is the circle, ts 
Azi + Bz + B2+C = 0, (17) 


equation (20) becomes, on substituting the center and radius 
previously found, 


] B BB — AC 
(=: a AG +)-S 2% 


which on simplification is 

Az + Bz, + Bi +C =0, (21) 

We thus get the relation between z and its inverse z,; from the 

equation of Q by substituting z, for z and leaving Z unchanged. 

Solving (21) we have the explicit form of the transformation, 

—Bi— C 

= — 22 

#1 Az + R ( ) 

When A = 0 so that (17) is a straight line, we shall still 

use formule (21) and (22) for the inversion. It is not difficult 

to show geometrically that when A approaches zero, P and P, 

attain positions such that @ is the perpendicular bisector of the 

segment P P,;. Inversion then becomes a reflection in the line 

@. To show this analytically, let 22 be a point on Q@. Then, 

2g — 2| is the distance from 2. to z. The distance from z, to 2), 

using the equation of the transformation and the equation of Q 
{with A = 0) which 2: satisfies, is 

—Bi — C BE+C 


[2a — 2| = RB + B = |z. — al, 


aie — 23) 











Thus all points of the line Q are equidistant from P and P,. 

We shall now prove the following proposition: 

THEOREM 10.—The linear transformation carries two points 
which are inverse with respect to a circle into two points which 
are inverse with respect to the transformed circle. 

Let 2 and 2, be inverse with respect to the circle (17); then (21) 
is satisfied. Make the transformation (1) and let 2’, 2;', be the 
transformed points. We have 

—dz' +b —dz' +6 
ERT RE MN Jomtpg=— errant 
cz. — a cz + &@ 
whence, substituting in (21), 
aba da’ + b)(—de' + 6) dar’ +b 


ey 


 {oz;)' — a)(’ — a) cz;'— a 








2; = 


—dz' +b 
a Sa. 











+C=0. 








12 LINEAR TRANSFORMATIONS [Sxe. 5 


This equation is the same as (18) execpt that z' is replaced by 
2,"; hence, on simplifying we shall get (19) with z’ unchanged 
and 2’ replaced by z,;'. But this is the condition that <' and z,’ 
be inverse points with respect to the transformed cirele (19). 

Let us return to our study of the inversion, We see from 
(22) that to each 2 there corresponds one and only one z;,_ Like- 
wise to each 2; corresponds one and only one z; hence, the 
transformation is one-to-one, The fixed points of the inversion 
are seen, from the geometrical construction, to be the points of 
Q itself. This appears analytically if we set z, =z in (21). 

The inversion (22) can be written as the succession of the two 
transformations 

eg ~ Bzg — C 

22, 45 “Az +B . 
The first of these is a reflection in the real axis; the second is a 
linear transformation. The first preserves the magnitudes of 
angles but reverses their signs; the second makes no alteration. 
Hence, the inversion is inversely conformal. This follows also 
from the fact that the second member of (22) is an analytic 
function of 2. 

The reflection in the real axis obviously carries circles into 
circles, and the succeeding linear transformation does likewise. 
Again the reflection carries a circle and two points which are 
inverse with respect to it into a circle and two inverse points; 
and this relation, by Theorem 10, is preserved by the linear 
transformation. 

We summarize the results in the following theorem: 

THEOREM 11.—Inversion in a circle is a one-to-one inversely 
conf ormal transformation which carries circles into circles, and 
carries fwo points inverse with respect to a circle into two points 
inverse with respect lo the transformed circle. 

Since the inversion is a one-to-one transformation of the plane 
which preserves the magnitude of the angle but changes its 
sign, the result of performing two inversions, or any even number 
of inversions, is a one-to-one transformation which preserves 
both the magnitude and the sign of the angle. According to 
Theorem 3, Corollary 1, such a transformation is a linear trans- 
formation, Hence, we have the theorem: 

. THEOREM 12.—The successive performance of an even number of 
inversions ts equivalent to a linear transformation. 
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We shall prove that, conversely, any linear transformation 
is so constituted. First, let us examine some of the simpler 
linear transformations and find equivalent pairs of inversions, 

(a) The translation, 2’ = 2 + 6. 

By this transformation each point of the plane is translated 
parallel to the line Ob (Fig. 2) a distance equal to the length of 
Ob. Let L, and Le be two lines perpendicular to the line Ob 
and at a distance apart equal to half the length of Ob. <A 
reflection in L, followed by a reflection in Le, the lines being 
designated as in the figure, is equivalent to the given trans- 
lation. It is sufficient to note that three points are transformed 
in the proper manner (Theorem 7), We observe at once that 





Fic. 2. Fia. 3. 


the points of L,, which are unchanged by the first reflection, are 
translated in the desired manner by the second reflection. 

(6) The rotation, 2’ = ez, 

Each point is rotated about the origin through an angle 
6. <A reflection in L,, followed by a reflection in Le, arranged 
as in Fig. 3, clearly rotates the points of LZ, as required; hence, 
the two reflections are equivalent to the desired rotation. 

(ec) The stretching from the origin, 2’ = Az, A > 0. 

Each point is transformed into a point with the same argument, 
but. with the modulus multiplied by A. There is a stretching 
from the origin, or, if A < 1, a contraction toward the origin. 
This is equivalent to an inversion in 4 circle Q, with center at 
the origin and radius 7; (Fig. 4) followed by an inversion 
in a circle @» with center at the origin and radius re = 7./A. 
For, if 2,, 2° are the successive transforms of z, we have 

Zi = ry’, 22, = r?A: 
whence, + 
rye z 
2 = z, = rtA ‘r? = Az. 


(d) The transformation 2’ = —1/z. 
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This can be written 
a= —2, 7 = : 
ey 
It is, thus, a reflection in the imaginary axis,2 +z = 0, followed 
by an inversion in the unit circle, 23 = 1 (Fig. 5). 
Consider now the general transformation (I). Ife #0, we 
can write this 





2 be—ad a ] ; 
¢}06ctez+dy Ct \? (22") 
ofz + :) 
c 
My-—L—-~42 
\ v2 
! 
Fro, 4, Fia. & 


supposing ad —~ be = 1. This can be written as the following 
sequence of transformations: 


d 1 
ri Vor te Zs = c*z,, Renan s outs. 
The first, third, and fourth of these transformations have each 
been shown to be equivalent to a pair of inversions. The second 
ean be broken into two, putting c? = Ae’, A > O, 
2, = e%z,, zy = AZs, 


each of which is equivalent to a pair of inversions. 
If c = 0, the transformation has the form 


2’ = az + B. 
Putting « = Ae”, this is equivalent to the following sequence: 
2: = e"z, 22 = Az,, 2’ = 2g + 8. 

We have proved the converse of Theorem 12. 

THEOREM 13.—Any linear transformation is equivalent to the 
successive performance of an even number of inversions in circles. 
. A linear transformation can be expressed as the sequence of 
inversions in an infinite number of ways, Later, we shall show 
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that any linear transformation is equivalent to four suitably 
chosen inversions, and that a transformation of the class subse- 
quently called “non-loxodromic”’ can be expressed as a succession 
of two inversions. 

Let us consider now the most general one-to-one inversely 
conformal transformation of the plane, 


2’ = V(2), 
where, of course, V is not an analytic function of z. If we first 
make a reflection in the real axis, 2, = 2, and then apply the 
preceding, we have a one-to-one directly conformal transforma- 


tion, and hence, by Theorem 3, Corollary 1, a linear transforma- 
tion of z. That is, 


te ee, +b 
Via) = V@) = Sp 
and A 
to Wie) = MT? 
2 ¥ (z) a4+d (23) 


Inversion is seen to be a special case of this general transforma- 
tion. 

Equation (23) is a reflection followed by a linear transforma- 
tion. So we can state the following general result: 

THEOREM 14,—The most general one-to-one conformal trans- 
formation of the plane into itself is equivalené lo a succession of 
inversions in circles. The transformation is directly or inversely 
conformal according as the number of inversions is even or odd, 

6. The Multiplier, K.—We have already noted a separation of 
linear transformations into two classes. Putting aside the 
identical transformation z’ = 2, a transformation has cither two 
fixed points or one fixed point. The number of fixed points and 
the behaviour of the transformation with reference to the fixed 
points furnish a useful basis of classification of linear transforma- 
tions. We treat, first, the larger class with two fixed points. 

Suppose, first, that in the transformation (1) ¢ #0. The 
finite points £,, & [Equation (10)] and the point # are carried 
into £,, &, and a,c, respectively. Hence, from (14), the trans- 
formation may be written 


Se! eee 5 
(2 &)(‘ t:) eS é, 


(2) — en( = g: | See 
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or 
z Ey rem £& 
Che eae (24) 
where 
Me! oe ck, 
mp (25) 


K is called the “multiplier” of the transformation; its value, as 
we shall see, determines the character of the transformation. 

To get an expression for K in terms of the coefficients of the 
transformation, we form the following symmetric function of 
; and £3: 

Ree St Chg e = che 
K KK — Ck, em ck, 
on 20" = Zaclts + fs) + os? + 


a* + ac(; + f) + ct Eo 


Since £ and fare the roots of 


cz" + (d — ajz —'b = 0, (9) 


fy + £s = 4 5, Eif = il ¢,? + £4? _ (a = d)* -+ obec 
-) Cc ‘ e 








2) 


we have 








Making these substitutions and simplifying, we have 
K +1 _@+4)' — md + de 


ad — bce 


or, if ad — be = 1, 
e l 
K+ = (a +d)? — 2. (26) 


We observe from (26) that the value of K depends solely upon 
the value of a+-d. If we replace K by 1/K, equation (26) is 
unaltered; hence, the two roots of (26) are reciprocals. The 
particular root to be used in (24) depends upon which fixed 
point is called §, and which fy. 

Another simple equation satisied by K is got from (26) by 
transposing the 2 and extracting the square root: 


] 
VK + VR at. (27) 
We now make the change of variables 
Z=G@)=27 8, groggy a2 = 
: ) z— Ey Z G(z") 2 mn Be (28) 


transformations which carry £, and £2 to 0 and x, respectively, 


Sec. 6) 
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Then, (24) takes the form 
Z' = KZ. (29) 
Call this transformation K so that K(Z) = KZ, and we have for 
the original transformation 
2 =G-'(Z’) = GK(Z) = G-'KG(z). 
Writing for the original transformation 2’ = 7(z), we have 
T = G"'KG, whence K » GTG-* (30) 
Let F be any configuration (point, circle, region, or what not) 
and let F be carried into F’ by K. Operating with T on G-'(F), 
we have 
TG-(F) = GKGO-(F) = G>K(F) = GP"); 
that is, 7’ carries G-'(F) into G-'{F"). We shall use this fact in 
the following manner: We shall investigate the simple transfor- 
mation (29) and, having found how configurations are trans- 
formed, we shall carry the results back to the ease of z and 2’ by 
applying G7}. 
The transformation with ¢ = 0, 
7. +b 
= 
can be put in the form (29) and treated similarly. One fixed 


ad = | 





point is «, the other is ¢, = 7 Ls a We find easily that 


2’ — & = K(z— &) (31) 
where 
a 
K- = d (32) 
Putting 


ZumG(z)=z—-8, 2&2 = G(2') =2' — &, 


transformations which carry ¢; and © to 0 and ~, respectively, 
we have (29) as before. We have also 

1 a,d @+d (a+d)* — 2ad : 
Pe ed Pass Why eal Mi fate a ee ee 
henee, for this case also K satisfies equations (26) and (27). 

An advantage in writing a transformation in terms of K lies 
in the ease with which powers of the transformation can be 
written down. If the transformation (1) be repeated n times, 
the equivalent single transformation becomes rapidly complicated 
if expressed in terms of a, b, c,d. But, if we use (24) or (31), we 
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have, obviously, as the result of » applications of the 
transformation 

SSEH Wee ges - 

go ey re = Ke — &). (83) 
Thus, we merely replace the multiplier K by A*. Similarly, 
for the inverse we use the multiplier K—-!; and for n applications 
of the inverse we use K=-*, 

Writing K in terms of its modulus A (>0) and its amplitude 
6, 80 
K = Ae’, 

we distinguish the three classes of transformations treated in 
the following sections. 
7 7. The Hyperbolic Transformation, K = A.—We assume 
that, A = 1, since, otherwise, we have the identical transforma- 
tion, The transformation Z’' = AZ is the stretching from the 


WO SIIIs SLL ep i APA, 





Fic. 6, 


origin studied in Sec, 5(c). We observe at once the following 
facts concerning it: (1) a straight line through the origin (that is, 
a circle through the fixed points 0 and <) is transformed into 
itself, each half line issuing from the origin being transformed 
tnto itself; (2) the half plane on one side of a line through 0 is 
transformed into itself; (3) any circle with center at the origin 
(and hence orthogonal to the family of fixed lines) is transformed 
into some other circle with center at the origin; (4) the points 
QO and @ are inverse points with respect to any circle with center 
at the origin, 

We now make the transformation G-1 which carries 0 and © 
to &, and & We have, then, the following facts concerning the 
hyperbolic transformation: (1) any cirele through the fixed 
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points is transformed into itself, each of the two ares into which 
the circle is separated by the fixed points being transformed into 
itself; (2) the interior of a circle through the fixed points is 
transformed into itself; (3) any circle orthogonal to the circles 
through the fixed points is carried into some other such circle; 
(4) the fixed points are inverse with respect to cach circle of (3). 

Figure 6 shows the two families of circles just mentioned. 
The way in which regions are transformed is indicated in the 
figure, each shaded region being transformed into the next in the 
direction of the arrow. 

From (26), we get the condition that the transformation be 


hyperbolic in terms of a + d. The quantity A + - has for 
real positive values of K the minimum value 2 when K = 
1. Since K #1, we have K +z > 2; whence, from (26), 


(a +d)? > 4. Henee, in order that the transformation be hyper- 
bolic it is necessary that a +d be real and ja +d) > 2. That 
this condition is sufficient will appear presently. 

8. The Elliptic Transformation, K = e“.—Here, @ # 2nr. 
The transformation Z’ = eZ is the rotation about the origin 





discussed in Sec. 5(b). The straight lines and circles of the 
preceding section have their rdéles interchanged. ‘The circle with 
center at the origin is transformed into itself, the interior of the 
circle being transformed into itself. The points 0 and © are 
inverse with respect to each fixed circle. A line drawn through 
the origin is transformed into a line through the origin which 
makes an angle @ with the first line. 
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Applying the transformation G~', which carries 0 and & to 
£, and £:, respectively, we have the following facts: (1) an are 
of a circle joining the fixed points is transformed into an arc of a 
circle joining the fixed points and making an angle @ with the 
first arc; (2) each circle orthogonal to the circles through the 
fixed points is transformed into itself: (3) the interior of each 
circle of (2) is transformed into itself; (4) the fixed points are 
inverse points with respect to each circle of (2). 

The character of the transformation, with @ = léx is shown 
in Fig. 7. The shaded regions are transformed into shaded 
regions as indicated by the arrows. 

For the elliptic transformation, (26) gives 


(a+ d)* = 2+ e% + e- = 24 2 cos 8. (34) 


The second member is positive or zero and less than 4. Hence, 
a+ dts real and la + d| < 2. From (27) we have 


" 8 
a+d= +(c8+e2) = +2 c08 . (35) 

ff # is commensurable with x, there will exist an integer n 
such that n# = 2mx;and K" = e?™*' = 1. The result of applying 
the transformation n times is that each point is returned to its 
original position. The transformation is then said to be of 
pertod n. We shall find that the only transformations possessing 
this periodic property are certain of the elliptic transformations. 

We illustrate with two or three useful cases. If @ = x the 
transformation is of period 2. Then K = ei = ~j. and 
a-td= +2 cos 5 = 0. 

If 6 = 2y/3, the period is 3. Then K = e2i/3 = lg(—1+ 
i4/3), anda+d «= +2 COs 3 = +1]. 

If @ = x/2, the period is 4. Then K = et’? =7 and a + 
d= +2 cos 7 = +4/2. 

9. The Loxodromic Transformation, K = Ae*.—Here A is 
positive and unequal to 1 and 6 # 2nr. The transforma- 
tion Z = Ae“Z can be written as the succession of the trans- 
formations 

Z' = eZ, Zy = AZ, 
of which one is hyperbolic, the other elliptic. There is a stretch- 
ing from the origin followed by a rotation about the origin. Each 
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circle with center at the origin is carried into another circle with 
center at the origin; and each half line through the origin is 
carried into a half line making an angle @ with the first. 

For the original transformation, there is a combination of 
the motions shown in Figs, 6 and 7. Each circular are joining 
the fixed points is carried into another such are making an angle 
é with the first. Each circle orthogonal to the circles through 
the fixed points is carried into another such orthogonal circle. 

The loxodromic transformation has, in general, no fixed 
cireles. There is an exception when @ = +. Then, any circular 
are joining the fixed points is carried into another are joining 
the fixed points and making an angle w with the first, the two 
ares thus forming a circle. Any circle through the fixed points 
is then carried into itself. There is, however, this difference 
from the preceding cases: the interior of a fixed circle is trans- 
formed into its exterior, 

For the loxodromic transformation, (26) gives 


(a +d)? = 2+ Ae*®+ qe 


= 2+(A + 4 )oose+i( A — 4)sin 0. (36) 


In general, the second member is not real. If, however, @ = + 


the second member becomes 2 — (4 ok 4) which is real. But 


we found that A + 5 > 2; so in this case the second member is 


negative. Without exception tn the lorodromic transformation 
a-+d is a complex (non-real) number. In the loxodromic 
transformation with fixed circles a -+- dis a pure imaginary. 

10. The Parabolic Transformation.—There remains the trans- 
formation with one fixed point, which is called a “parabolic 
transformation.”’ The condition that there is a single fixed 
point (Sec. 3) is that a+d= +2. Then the multiplier, if 
defined by (26), has the value K = 1. 

If c ~ 0, the fixed point is ¢ = (a — d)/2e. The transforma- 
tion carries ©, =, —d/c into a/c, ¢, ©, respectively; hence, by 
the use of the formula (14), it ean be written 

aC d 
pS ms E+ C 


C—... 


g=ea— “£=—€& 
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Subtracting 1 from each member, 











Ses Se 
Now, rh my ip | 


Hence, the transformation can be written in the form 
1 1 
In (37), we have +e ifa+d=2, and —cifat+d = —2 
Making the change of variable, 


ee piles ses 1 
Z = G(z) = rey Z’ = G(2') = roF (38) 
a transformation which carries ¢ to «, we have 
Z=xZte. (39) 


If c = 0, so that © is the single fixed point, we have already 
found, in Sec. 3, that the transformation is of the form (39) 
without further change. We have, in fact, a =d = + 1, and 

2’ =2z+ b, (39) 

The transformation (39) is the translation discussed in Sec. 
5(a). ‘The plane is translated parallel to the line joining the 
origin to the point tc. Any line parallel to this line is trans- 
formed into itself. The half plane on one side of a fixed line 
is carried into itself. Any other straight line is carried into a 
parallel line. 

On applying G-', © is carried to ¢. Parallel straight lines, 
intersecting at © only, are carried into circles intersecting only 
at ¢, and, henee, tangent at £ Hence, in the parabolic trans- 
formation: (1) any circle through the fixed point is transformed 
into a tangent circle through the fixed point; (2) there is a one 
parameter family of tangent circles each of which is transformed 
into itself; (3) the interior of each fixed circle is transformed into 
itself. 

The manner in which the plane is transformed is shown in 
Fig. 8. Each shaded region is carried in the direction of the 
arrow. 
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It is clear from the Figs. 6 to 8 and from the reasoning on 
which they are based that if a linear transformation is hyper- 
bolic, elliptic, or parabolic there passes through each point of 
the plane, other than a fixed point, a unique fixed circle, In 
particular, there is in each case a single fixed circle through ~; 
that is, there is one fixed straight line. This line is easily 
constructed; for it passes through the point —dj'c which is 
carried to # and the point a,c into which © is carried, 

At this point we shall combine certain of the results of the 
latter sections into a theorem for reference. We exclude the 
identical transformation 2° = z. 


LB te > . 
ee 4 e fine ie Ce, 
“ es hie tye tee Sd We OFA Yi Hy 





THeoremM 15.—The transfermation 2' = (az + 6)/(cz + a), 
where ad — be = 1, ts of the type stated if, and only if, the following 
conditions on a + d hold: 

Hyperbolic, if a + d is real and |a + al > 2. 
Elliptic, if a + d its real and |a + d| < 2. 
Parabolic. tfa+d= +2. 
Loxodromic, tf a + d is complex. 

We have proved that these conditions are necessary, That 
they are sufficient follows, by elementary reasoning, from the 
fact that they are mutually exclusive. Thus, if a +d is real 
and {a --d| > 2, the transformation can be neither elliptic, 
parabolic, nor loxodromic, so it must be hyperbolic; and so on. 

11. The Isometric Circle—In an analytic transformation 
2’ = f(z), a lineal element dz = 2, — 2, connecting two points 
in the infinitesimal neighborhood of a point z is transformed 
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into the lineal element dz’ in the neighborhood of 2’. We have 
dz’= f'(z)dz; henee, the length of the element is multiplied by 
f'(z)|, and the element is rotated through an angle arg f(z). 
For the linear transformation 

z = T(z) = = tS ad — be = 1, (1) 
we have the following theorem: 

TuHEoreM 16.—When the transformation (1) is applied, infin- 
ttesimal lengths in the neighborhood of a point z are multiplied by 
|cz + d|~*; infinitesimal areas in the neighborhood of z are mulli- 
plied by |cz + dj-. 

For we have F 

2” : 1 

de ~*~ era 
whence, lengths are multiplied by |7’(z)], or Jez + dj-?, An 
infinitesimal region is carried into a similar region with cor- 
responding lengths multiplied by |T’(z)|; hence, the area is 
multiplied by |7"(z)|*, or Jez + d/-4. 

We get alternative forms for 7’(z) from (24) and (37). Differ. 
entiating (24) and simplifying, we obtain the first of the following 
results: inverting and differentiating, we find the second. For 
the transformation with two fixed points, 


dz’ _ 7 = K(?_—_# Tea hE S\" 
Shop T(z) K( = | K(3 =~ :) . (41) 


For the parabolic transformation (37), we have 
” . ei E . 
T(z) = (== z)" (42) 


the same as (41) with the value K = 1. 
From (41), we have 


(i) = K, T'(&) = e (43) 


(40) 


At £& which is fixed, dz’ = Kdz. For the hyperbolic transfor- 
mation, K = A, the infinitesimal neighborhood of £, undergoes a 
stretching from £,; for the elliptic transformation, K = e, there 
is @ rotation about £, through the angle #; for the loxodromic 
transformation, K = Ae‘, there is a combination of stretching 
and rotation. Analogous remarks apply to the ncighborhood of 
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f,. Since i= ed the stretching and rotation are in the 
opposite sense, 

In the parabolic transformation, we find, on substituting 
& = (a — d)/2e into (40), that J’(t} = 1. The infinitesimal 
neighborhood of ¢ is unaltered. 

Lengths and areas are unaltered in magnitude if, and only if, 
cz+d|=1. If ¢ #0, the locus of z is a cirele. Writing 
le + f ane > we see that the center is =e the radius is me 
| | fe C to 

DEFINITION. The circle I, 

I: |ce +d) =1, ¢ #0, (44) 


which is the complete locus of points in the neighborhood of which 
lenglhs and areas are unaltered in magnitude by the transformation 
(1), 28 called the isometric circle of the transformation. 

The isometric circle will play a fundamental part in many 
of our later developments. In this section we shall! investigate 
some of its properties. 

We note, first, that if c = 0, so that « is a fixed point, there 
is no unique circle with the property of the isometric cirele. 
The derivative T’(z) is constant and equal to K (Equations (31) 
and (39°)), Either |K| #1, and all lengths are altered in 
magnitude; or |K| = 1, and all lengths are unaltered. The 
latter case comprises the rigid motions—the rotations (31) and 
translations (39’). 

THEOREM 17.—Lengths and areas within the isometric circle are 
increased in magnitude, and lengths and areas without the isometric 
circle are decreased in magnitude, by the transformation. 


For, if z is within J, 2 “+ \< a or |cz + d| < 1, and 


\7"(z)| > 1. A length or area within J is thus magnified in all 
its parts. Similarly, if 2 is without J, |7"(z)| < 1; and a length 
or an area without J is diminished in all its parts. 

Turorem 18.—A transformation carries its isometric circle into 
the isometric circle of the inverse transformation. 

The inverse transformation, 2’ = (—dz + 6)/(cz — a), has the 
isometric circle 

I’: |cz — al = 1. (45) 

Its center is a/c, its radius 1/|c|. Now T carries J into a cirele 
{, without alteration of lengths in the neighborhood of any point, 
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hence T'-! carries Jo back to J without alteration. But J’ 
is the complete locus of points in the neighborhood of which 7 
effects no change of length; hence, J) coincides with J’, 

(a) Geometric Interpretation of the Transformation—The trans- 
formation 7 carries J into I’ (Fig. 9) without alteration of any 
arc. Let a point P on J be carried into P’. Then, if J be set 
down upon J’ so that P coincides with P’, with proper orientation, 
corresponding points will coincide. Any sequence of an even 
number of inversions which will effect the proper transformation 
on I will be equivalent to T (Theorem 7). 





Fig. ¥. 


As a point moves from P counterclockwise around J, suppose 
that the corresponding point moves from P’ counterclockwise 
around J’. Then, J can be carried into J’ by a rigid motion so 
that corresponding points coincide. But is fixed for a rigid 
motion, soc = 0; hence, this case is impossible. Consequently, 
as & point moves counterclockwise around J the corresponding 
point moves clockwise around I’, The circle J must be turned 
over before being applied to J’. 

An inversion in J, leaving the points of J invariant, followed by 
a reflection in £, the perpendicular bisector of the line segment 
joining the centers, carries J into J’ with the desired change of 
order. Piscarriedintoa point P;. Arotation with a/c fixed will 
carry P, into P’. The two inversions together with the rotation 
are equivalent to T’, 

Since a rotation is equivalent to two reflections (See. 5(b)), 
four inversions at most are adequate for the representation of the 
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transformation, If P’ coincides with P, two inversions are 
sufficient. 

Several alternative geometric transformations are possible. 
Thus, instead of inverting in J and then reflecting in L we may 
refiect in DZ and then invert in J’, Or we may rotate about 
—d/c at the start; and so on. 

The preceding construction fails if J and J’ coincide, for then 
L is not defined. In this case a = —d, or a + d = 0; and T is 
an elliptic transformation of period two (See. 8). P’ lies on J. 
An inversion in J followed by a reflection in L, the line joining 
—d/eto the midpoint of the arc PP’ is equivalent to 7. 

(6) The Types of Transformations.—The distance between the 
centers of J and J’ is : — s ; the sum of the radii is 2/{cl. The 
circles will intersect, touch, or be totally exterior according as 
|a + d| is less than, equal to, or greater than 2. Hence, applying 
Theorem 15, if T is hyperbolic, the isometric circles of 7 and 
T-' are external; if 7 is elliptic, they intersect; if T' is parabolic, 
they are tangent. If T is loxodromiec, {a + d| may have any 
value other than zero, and the isometric circles may have any 
relation to one another other than coincidence. 

A distinction between the loxodromie and the three non- 
loxodromic transformations appears when we study the geometri- 
cal transformations which are equivalent to the transformation. 


Let P, P;, P' (arranged as in Fig. 9) have the coordinates 2, 2, 2’. 
- ae a ad 
bince 2, —d/c, and a,c lie on a line, z + z and * 4 - have the 


same argument, the moduli being 1/\c] and |a + d]/'Jc|, respec- 
tively, hence, 


F-4 als d —_— at d ’ 
'¢ fa+dle 
Similarly, 
2'y3. a-d 
ee la ale 


Making the transformation 7’, using (22'), 


i ea anita (ak EO ete dl ie SI pecmueay Br a 
¢ 8 6c(z+d/e) (a+ a)e la + dic 
From these equations we see that 2’ coincides with z; if, and only 


f,d+d=a+ d; that is, ifa+ dis real. The transformation 
is then non-loxodromic. 
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If the transformation is loxodromic, writing a +d = re’, 
¢ = nr, we have 


wt a+d cs | ant 2, *). 
c ata" c " c 


To carry 2; to 2’, there is a rotation about a/c through the angle 
—2e. We have the result: 

THroreM 19.—IJf the transformation is hyperbolic, elliptic, or 
parabolic, it ts equivalent to an inversion in I followed by a reflection 
in L; if tt is loxodromic there is in addition a rotation about the 
center of I' through the angle —2 arg (a + a), 

Consider now the fixed points. Since 7’(t:) = K, T"(é:) = 
1/K (Equation (43)), we have, if |K| + 1, increase of lengths at 
one fixed point and decrease at the other; if |K| = 1, there is no 
alteration. Hence, for the hyperbolic and loxodromic trans- 
formations one fixed point is within J, the other without: for the 
elliptic transformation both fixed points, and for the parabolic 
transformation the single fixed point, are on J. Identical state- 
ments are true of J’ for similar reasons. 

In the elliptic transformation J and J’ intersect and L is the 
common chord. The points of intersection are fixed for both 
the inversion in J and the reflection in L; hence, they are the fixed 
points, We found that the lineal elements issuing from the fixed 
point are rotated through an angle 9, where K = e’*, Since an 
arc of J issuing from the fixed point is transformed into an are of 
J’ issuing from the point, it follows that J and J’ intersect at the 
angle &, 

If a + d = 0, so that J and J’ coincide, the line L is the line 
joining the fixed points, which are then at the ends of a diameter. 

In the parabolic transformation, L is the common tangent to 
f and J’ at their point of tangency. The point of tangeney is 
then the fixed point. 

(c) The Fixed Circles—We consider now the non-loxodromie 
transformations. Each such transformation has a one-para- 
meter family of fixed circles, including, as we found in See. 10, 
the line joining the centers of JandJ'. The family of fixed circles 
is easily constructed. It consists of the circles with centers on L 
orthogonal to J. For, being orthogonal to J, such a circle is 
transformed into itself by an inversion in J; and a reflection in L, 
a diameter, transforms it again into itself. Hach fixed cirele is 
also orthogonal to J’ irom symmetry. 
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THEOREM 20,.-—-Jn a non-loxredromic transformation the isometric 
circle is orthogonal to the fixed circles. 

For use later we shall prove the following theorem: 

THEOREM 21.—Let @ be a fixed circle of a non-lorodromte trans- 
formation and I its isometric circle. Let h be the distance of a point 
z from q, the center of Q, and h’ be the distance of the transformed 
point 2" from-q; then 

h' = h, if zis on I or Q; 

h’ < h, if zis within both I and Q, or without both; 

h' > h, tf 2 is within either I or Q, and without the other. 

An inversion in J carries 2 to a point z, which is carried to z’ 
by a reflection in L (Fig, 10). Obviously, the reflection does not 
alter distances from g. The 
proposition hinges, then, on 
what happens when z is in- 
verted in J. 

The distances of a point and 
its inverse from the center of 
a circle orthogonal to the circle 
of inversion is clearly inde- 
pendent of the orientation of 
the cireles, and their relative 
magnitudes are independent 
of the seale used; hence, it will 
suffice to take for J the unit Pee 0: 
circle 22 = 1 and to take g on 
the real axis. The equation of Q is (2 — g)(Z — q) = r?, where, 
for orthogonality, r? + 1 = q*; whence, 

23 — g(z +2) +1 =0. 
The expression in the first member of this equation is positive 
for points without Q and negative for points within. Now, 
kh? = (z — qg)\(2 — g) = 22 — of2 + 2) + 147°, 
and, since 2; = 1/2, 





" 1 — z+ 2 +- Zz - 
i’? == 2121 — gz, +- 31) -+ 1 + = fa 2) * + r?; 


whence, 
_ [22 — ile? — oe +2) + 1) 
ae 


The theorem follows immediately from this equation. If z is 
within both circles or without both circles, the factors in the 


h? — kh"? 
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numerator of the second member are both negative or both 
positive, and A’ < A; if ¢ is within one circle and without the 
other, the factors differ in sign, and kh’ > h; if 2 is on one circle, 
one factor is zero, and h’ = h. 

The following theorem relative to the fixed straight line is 
easily seen to hold: 

THEOREM 22,—In a non-loxodromic transformation let k and k’ 
be the distances of z and z’, respectively, from the fixed straight line 
M; then k’ = kifzison TJ or on M: otherwise, k' > k if zis within 
landk' < kif zis without I. 

12. The Unit Circle—We shall, subsequently, have much 
to do with sets of linear transformations which have one fixed 
circle in common. It will usually be convenient to take as the 
common fixed cirele some simple circle such as the real axis or 
the unit circle with center at the origin. It is this latter circle, 
which we shall henceforth designate by Qo, that we shall study 
in this section. 

We proceed to find the conditions on the constants in (1) 
in order that Q> be a fixed circle. The equation of QJ» is 


2z—i1=0. (46) 
The transform of Q by (1) is, from Equation (19), 
(dd — cé)z'2" + (—bd + ae)ze’ + (—bd + a&)2" + bb — aa = 0. 
This cirele is identical with Q, if, and only if, 
—bd + ac = 0, —bhd + aé = 0. (a) 
dd — cf = ad — bb x 0, (b) 


Kach equation in (a) is a consequence of the other: from the 
second, 


say; then 
| b=, a=dd. 
Substituting in (b) 
| dd — cé = \X(dd — cé) 0, 
whence, \AX = 1. 
From ad — be = 1, we have 
A(dd — c&) = 1; 
hence, d is real, so X = +1. The sign of } depends upon the 


sign of dd — ez. If the interior of Qy is transformed into its 
interior, the point —d/e which is carried to « is outside the 
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circle and |—d/ecl > 1; so dd —c& > 0 and }=1. We have, 
then, 

b = &, a= d, dim a, 
These values obviously satisfy the conditions (a) and (b). We 
have the following result: 

THEOREM 23.—The most general linear transformation carrying 
Q, into tlself and carrying the interior of Qs» into itself ts the 
transformation 

2 = —— aad — ce = 1. (47) 
a 


The most general linear transformation carrying Qo into itself 
and carrying the interior of Q, into its exterior is found similarly. 
Then, —d/c is within Q) and dd — ef < 0; 30 that \ = —1. 
The most general transformation is the resulting loxodromic 
transformation 

ee oat: 
cz — a’ 

The transformation (47) maps the interior of Q» in a one-to- 
one and directly conformal manner on itself. It is a remarkable 
fact, which we shall now prove, that it is the most general such 
transformation. We first prove the following proposition: 

The most general transformation which maps the interior of 
Q> tn a one-to-one and directly conformal manner on itself and which 
leaves the origin fixed is a rotation about the origin. 

Let 2 = f(z) be such a transformation. Owing to the con- 
formality f(z) is analytic in Q». Further, {f(z)| < 1 when 
|2| < 1, since an interior point is carried into an interior point. 
Since 2’ = 0 when z = 0, f(z) has a zero at the origin; hence 
J(z)/z is analytic in Qo. 

Consider now |f(z)/z| in a circle Q’ with center at the origin 
and radiusr < 1. Since the absolute value of a function which 
is analytic in and on the boundary of a region takes on its 
maximum value on the boundary, we have, since |z| = r on Q’, 


£| mg 


c& — af = 1. (48) 





Since r may be taken as near to 1 as we like, we have 


2'| _ | f(z)| as a 

|= |—- 1 in Qo. 

Acie 

Considering the inverse function, z = ¢{z'), we have by the 


Same reasoning |z/2'| = 1 in Qp. Consequently, |z2'/z| = 1in Qo, 








I 
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whence 2’/z = e'*. But, if the absolute value of an analytic 
function is constant, so also is its argument; hence «@ is constant. 
We have, thus, 

Zz = ez, 
a rotation about the origin. 

We shall now remove the restriction that the origin be fixed, 
Let 2’ = f(z) map the interior of Q» on itself in a one-to-one 
and directly conformal manner, and let f(0) = zp. Let 2’ = S(z) 
be a linear transformation of the form (47) such that S(O) = 2p. 
(It is easy to determine the constants of (47) so that é/a@ = 
Zo < 1.) If we make the transformation f and then make 
S—!, the interior of Q» is carried into itself and the origin is fixed. 
Hence, S-'f = U, a rotation; and f= SU. We thus have a 
linear transformation. Since it carries the interior of Q, into 
itself, it is of the form (47). 

THEOREM 24.—The most general transformation which maps the 
interior of Qo in a one-to-one and directly conformal manner on 
itself ts the linear transformation (47). 

The proof of the following more general theorem is now easily 
made. 

THEOREM 25.—The most general transformation which maps the 
interior or exterior of one circle in a one-to-one and directly con- 
formal manner upon the interior or exterior of another circle is a 
linear transformation. 

Let 2’ = f(z) carry the interior or exterior of Q, into the 
interior or exterior of Q. in the manner stated. Let S, and S, 
be linear transformations carrying Q; and Qs, respectively, into 
Qo, the interior or exterior of each which is involved in the map- 
ping being carried into the interior of Qo. Then, the sequence 


of transformations, S,~', followed by f, followed by S2, carries 


the interior of Q) into itself, and is equivalent to a linear trans- 
formation T of the form (47). 


S:fS,"! = T, or f = Ss'TS. 


The transformation is thus a linear transformation. 





CHAPTER II 


GROUPS OF LINEAR TRANSFORMATIONS 


13. Definition ofa Group. Examples.—The automorphic func- 
tion depends for its definition on a set of linear transformations 
called a “group.” In the present chapter we shall make a 
study of groups of linear transformations, after which we shall 
be in a position to pass to the definition of the automorphic 
function and to a study of its properties. 

DeFIniTion.—A set of transformations, finite or infinite in 
number, is said to form a group tf, 

(a) the inverse of each transformation of the set ts a transformation 
of the set; 

(b) the succession of any two transformations of the set ts a 
transformation of the set, 

The definition applies to all kinds of transformations, but 
we shall be concerned only with sets of linear transformations. 
The two group properties, expressed in symbolic notation, are: 
(a) if T is any transformation of the set so also is J'-'; (6) if Sis 
a transformation of the set, not necessarily different from 7’, so 
also is ST. It follows by a repeated application of (5) that the 
transformation equivalent to performing any sequence of 
transformations of a group belongs to the group. In particular, 
all positive and negative integral powers of a transformation T' 
of the group belong to the group. Also T’-'T'(=1) belongs to 
the group; that is, every group contains the identical tranaforma- 
fion, 2’ = 2. 

Given a set of linear transformations, we may test whether 
or not it constitutes a group by applying (a) and (6) to the 
transformations of which it is composed. There are, however, 
certain cases in which the group properties obviously hold. For 
example, if the set consists of all linear transformations which 
leave some configuration F in the z-plane invariant, then the set 
is a group; for, clearly, the inverse of any transformation or 
the successive performance of any two transformations will leave 
f invariant and, being themselves linear transformations, will 
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then belong to the set. Thus, all lincar transformations with 
2 common fixed point constitute a group, All linear transforma- 
tions of the form (47), See. 12, leaving Qy and its interior invari- 
ant, form a group. The set. of all linear transformations which 
carry @ given regular polygon into itself, consisting of certain 
rotations about its center, form a group. 

Similarly, the set of all linear transformations which leave 
invariant some function of z constitute a group. For example, 
all linear transformations z’ = T(z) such that sin 2’ = sin z 
form & group. Such transformations as 2’ = z+ 2r, 2’ = 
2+ 4x, 2’ = + — 2, ete., belong to this group. It is by virtue 
of this property, as we shall see later, that sin z is called an 
“automorphic function,” 

ziven a set of linear transformations 7), y APA ences een 
may form.a group containing them in the following way: Let 
the set contain the given transformations, their inverses, and 
the transformations formed by combining the given transforma- 
tions and their inverses into products in all possible ways. Then 
it is easily seen that the inverse of any transformation or the 
product of any two is itself some combination of the given 
transformations and their inverses and, consequently, is included 
in the set. Hence, the whole set forms a group. The group is 
said to be “‘generated” by the transformations FY ie Bag 
T., and the transformations are called “generating transforma- 
tions” of the group, 


Exam ples.—The following are a few examples of well-known groups, some 
of which will be discussed later. 

1, A Group of Rotations about the Origin.—The m transformations, 
g’ m2, eti/m, gtrifmy | | etim—l}ei/ “2 forma group. ‘They are the 
rotations about the origin through multiples of the angle 2x/m, The group 
is generated by the transformation 2° = ¢2*!/ "3, 

2. The Group of Ankarmonic Ratios,—The six transformations 

» 1 el 2z—I 2 


, =F ' Il1—2z — 
LA i , lz 2 zl 


forma group. It can be verified by forming the inverses and by combining 
the transformations that both group properties are satisfied. The group 
is co named for the reason that if z is any one of the anharmonic ratios of 
four points on a line, the six anharmonic ratios are given by the trans- 
formations of the group. 

3. The Group of the Simply Periodie Punctions.—The set 2 = z+ Mad, 
where w is a constant different from zero, and m is any positive or negative 
integer or zero, forms a group. The group ia generated by the transforma- 
tion 2° = z+, 
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4. The Group of the Doubly Periodic Functions —The set 2 = z + mw + 
m‘co', Where w and w’ are constants diff¢rent from zero and the ratio w’ /w is 
not real, and where m and wt’ are any positive or negative integers or zero, 
formsagroup. Itis generated by the transformations z’ = z + «, 2° = z + 
@ 

The restrictions on w and w’ are not necessary for establishing the group 
properties. 

5. The Modular Growp.—-The infinite set of transformations 2’ = {az 4 

}/(cze + d), where a, 6, c, d are real integers such that ad — be = 1, consti- 
tutes a group. For, a reference to Equations (3) and {6) of Sec. 1 shows 
that the inverse of such a transformation and, also, the product of two 
such transformations are transformations with integral coefficients and of 
unit determinants, Since the coefficients are real, exch transformation 
carnes the real axis into itself, 

6. The Group of Picard.—The set of transformations 2’ = (az + b)/ 
(cz + d), where a, 6, ¢, d are either real or complex integers (i¢. of the form 
m + ni, where m and rare real integers) such that ad — be = 1, constitutes 
#group. The proof is as in the preceding case, 

7. A Group Allied to Qo.--In a similar manner, the transformations 2’ = 
(az + c)/(ez + &), where a and c are real or complex integers such that 
ad — ct = 1, forma group. The transformations of this group (Theorem 
23, Sec. 12) have Q, as a fixed circle and carry the interior of Qo into itself, 


14, Properly Discontinuous Groups.—If we compare the 
group of the simply periodic functions, 2’ = z -- mw, with the 
group of all translations, z’ = < + 6, where 6 is any constant, we 
observe the following difference: In the former case there is no 
transform of a point 2 within the distance |w| of z; in the latter 
kroup we get transforms of z as near to 2 as we like by taking b 
small enough. These two groups bring out an essential 
distinction. 

DeFINitioN.—A group is called properly discontinuous in the 
«plane of there exists a point 2) and a region S enclosing 2» such that 
all transformations of the group, other than the identical transforma- 
tion, carry Z) outside S, 

The automorphic functions are founded on the properly 
discontinuous groups, and these only will appear in our subse- 
quent study. The groups whose transformations contain con- 
tinuously varying parameters, which have given rise to so many 
and so profound researches, play no part in the theory to which 
this book is devoted and will not be considered further. 


A group is said to contain infinitesimal transformations if there is, for some 
region A and any given « > 0, a transformation! z' = (az + b)/feze + d), 


ad — be = 1, such that for all points z of A we have lz! — 2! < « It is 
found without diffieulty that a necessary and sufficient condition for this 


' Other than the identical transformation. 
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is that there be transformations for which c,d ~ a, and bare all arbitrarily 
small (but not all zero, for then we have the identical transformation) 

Not all groups which are free of infinitesimal transformations are properly 
discontinuous. The group of Picard, for example, does not contain infini- 
tesimal transformations, since c, d — a, and b are complex integers and can- 
not be made arbitrarily small without being all zero. It can be shown 
however, that the points into which any point is carried are every whens 
dense in the whole plane. Such a group, that is, one which does not cons 
tain infinitesimal transformations and yet which is not properly discontinu- 


ous in the z-plane, is called “improperly discontinuous" jn the plane. 


15. Transforming a Group.—From a given group of linear 
transformations infinitely many other groups can be derived by 
applying linear transformations to the plane in which z and its 
transforms are represented. Let T be any transformation of 
the given group, and let T carry zinto z’, Let a transformation 
G be applied, z and z’ being transformed into 2; and 2,’, respee- 
tively. Then 2, is carried into 2,’ by the transformation S where 


S =G6T¢'; (1) 


GTG-(2z,) = GT (2) = G(z") = 2)’. 

Let all the transformations of the original group be altered in 
this manner, 80 that to each T of the group there corresponds an 
s given by (1). We shall show that the new set of transforma- 
tions forms & group. We have S-! = (GTG™)- = GT-"G-1 
which belongs to the set since 7-1 belongs to the original group. 
If S$; = GT,G-* is a second transformation of the set, SS, a 
GTG-'*GT,G-* = GTT)G-}, and SS, belongs to the set since TT, 
belongs to the original group. Thus, both group properties are 
satisied. Two groups whose transformations can be made to 
correspond in a one-to-one manner, as the S and T" transforma- 
lions are paired by virtue of (1), so that the product of any num- 
ber of transformations of one grou P corresponds to the analogous 
product of the corresponding transformations of the other, are 
said to be “isomorphic.” 

It will often facilitate the study of a group to transform it in 
the manner indicated. For example, an important point can be 
carried to ©, or an important circle can be carried into the real 
axis or the unit circle Qo. Having found how figures are trans- 
formed by the new group, we can then carry the results back to 
the old by applying G-". For if § earries a figure F into F I 
paler! oe into G~'{F"), as we see at once from the suuation 

= G-'SG. 


for 
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It should be mentioned that the transformations S and T of 
(1) are of the same type, whatever G may be, Let 


_ ath Cm TB ad — be = 1, 
e+-d i" y+6 ad —py=1, 
and form the product in (1), using the equations (3) and (6) of 
sec. 1, 
Se (—aéa “+ ayb — Sic +- BSyd)z + afa — a*h + Be — ad (2) 
~ (—yéa + 72) — be + yéd)z + Bya — ayb + Bic — abd. 


the determinant of S being 1. Then, 


(—aéda + ayb — Bbc + Syd) + (Sya — ayb + Bic — add) 

= —(a-+ d). 
It follows that K has the same value for S as for T' (Equation (26), 
Sec, 6). 

16. The Fundamental Region.—Before proceeding to the study 
of the general properly discontinuous group it is desirable to 
introduce the important concept of the fundamental region. 

DEFINITION.-Two configurations (points, curves, regions, etc.) 
are said to be congruent with respect to a group if there 18 a trans- 
formation. of the group other than the identical transformation, which 
carries one configuration into the other. 

DEFINITION.—A region, connected or not, no two of whose points 
are congruent with respect to a given group, and such that the 
neighborhood of any point on the boundary contains points congruent 
to points in the given region, is called a fundamental region for the 
group. 

The accompanying figures show fundamental regions for cer- 
tain simple groups, The reader is probably already familiar 
with some of them. 

For the group of rotations about a point through multiples of 
an angle #, which is a submultiple of 2r, we draw two half lines 
from the fixed point forming an angle @. The region Re, 
within the angle is a fundamental region. In Fig. 11, Ry is a 
fundamental region for the group 2’ = e**“*z, The neighbor- 
hood of any point on the boundary of Ry contains points which 
can be carried into the interior of Ky by a rotation through the 
angle + 27/6. 

In Fig. 12, Ro, whose construction is evident from the figure, is 
® fundamental region, or period strip, for the group of the simply 
periodic functions, 2° = z + mw, 





S 
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In Vig. 13, Hq is a fundamental region, or period parallelogram, 
for the group of the doubly periodic functions z' = z -+ mo + 
mas". 

I n Fig. 14, Ro, which is bounded by circles with centers at the 
origin and with radii 1 and A, is a fundamental region for the 
group of stretchings from the origin, 2’ = A*z. 


Re 
ee 
Foe 
0 - 
Ro | 


Fic. 11. Fig. 12. 


Attention may be called to certain properties that are common 
to the four fundamental regions constructed in the figures and 
which we shall find to be more or less generally true—to what 
extent will appear from later analysis—of the fundamental 
regions we shall use for less simple groups. We note first that the 


Ro 





Fia. 13. Fie. 14. 


boundaries of Ro in each case consist of congruent curves. In 
Figs. 11, 12, 14, each of the two boundaries can be carried into the 
other by a transformation of the group. In Fig. 13, the lower 
boundary can be carried into the upper by the translation z' = 
¢ + »', and the left into the right by 2’ = z + w. 
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Further, the transformations connecting congruent boundaries 
are generating transformations of the group. The two transla- 
tions just mentioned generate the group of doubly periodic 
funetions. In Fig. 11, all transformations are formed by succes- 
sive applications of the rotation 2’ = ez, which carries one 
boundary into the other. The like fact is true of the other 
examples, 

We note that we can add to the open region i, one, but not 
both, of two congruent boundaries without getting two congruent 
points in the region. But &,) must remain in part an open region. 

The region Ro and the regions congruent to it, some of which 
are shown in the figures, form a set of adjacent, non-over- 
lapping regions covering practically the whole plane. The 
origin in Fig. 14, however, is not in any region congruent to Rp, 

The angle at the vertex of Ro in Fig. 11 is a submultiple of 
97, The sum of the angles at the four congruent vertices of Ro 
in Fig. 13 is equal to 27. These facts will reappear, suitably 
generalized. 

It is clear that the fundamental region is in no wise unique. 
Any region congruent to Ry will serve asa region. Furthermore, 
we can replace any part of Ry by a congruent part and still have a 
fundamental region, Thus, we can subtract a part at one bound- 
ary and add a congruent part at another. In this way the 
character of the bounding curve can be altered freely. 

THEOREM L.—If no two points of a region are congruent, the 
transforms of the region by two distinct transformations of the group 
do not overlap. 

Let A be a region containing no two congruent points. Sup- 
pose that two transformations of the group, S and T’, carry A into 
two overlapping regions. Any point z in the common part 
is the transform by S of a point z, of A and the transform 
by T of a point z, of A. If 2; and 2; are different for any 2o, 
then z, and zs are congruent points of A, which is impossible, If 
z, and 2. coincide for every 2» in the common part, S and T are the 
same transformation (Theorem 7, Sec. 3). 

Since a fundamental region contains no two congruent points, 
we can state the following useful corollary: 

CoroLLary.—The transforms of a fundamental region by two 
distinct transformations of the group de nol overlap. 

17. The Isometric Circles of a Group.— We shall now investi- 
gate the properties of the most general properly discontinuous 
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group. For such a group there exists, by hypothesis, at least 
one point 2) such that there are no transforms of z) in a suitably 
small region about zp. Let @ be a transformation carrying z 
into ©; and let the group be transformed by G@ as explained in 
Sec. 15, It is this transformed group which we shall study, 

There is NO point congruent to © outside or on a circle Q 
with a given center and with radius p suitably large. In natin: 
lar, © is not a fixed point for any transformation of the group. 
Hence, in any transformation T = (az + b)/(cz + d) we have 
c »€ 0, except in the case of the identical transformation. The 
center of an isometric circle is congruent to © {—d/c is carried to 
«© by 7’); hence, the centers of all isometric circles lie within Q,. 

(a) The Isometric Cirele of the Product of Two Pransformations. 
Certain relations between the isometric circles of two transforma- 
tions and the isometric circle of their product, will be of use now 
and subsequently. Consider any two transformations 


path gu %@ts ad — be = 1,c #0, 


ce +d v2+6 ad— py =1,7 <0. 


_ (aa + Be)z + ab + Bd 
oT a + ice + vb + ad = 
In what follows we assume that S = 7° so that ST is not the 
identical transformation; then, the isometric circle of ST is 
(ya + éc)z + yb + Gd] = 1. (4) 
Represent by J,, I.’, Js, Js’, Is, the isometric circles of S, Sm 
T, T-', ST, respectively; by g,, 9’, 9, go’, gu their reeneelive 
centers; and by r,, 7, 7. their radii. We have 


Gy Se a gf = Peet 2 g => Ju = _ (yb + ad) 


¥ i c c (ya + Se)’ 


l 1 
%, => ry? = >> am . 
I+ al Tt ™ (va + bel (5) 


From these values, we derive the following relations; 








l I ry, 
te = oa =o a FE 
lya + del Le e+e lo’ — gl (6) 
c Y¥| 
and 
DRS De oS Py a, 
I 9 Ta + bet 6” Oya + be) i 
whence, 
eg Take r," 





r, lge’ 2a PAL (8) 
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(b) The Arrangement of the Isometric Circles —By means of the 
preceding equations we can derive certain simple facts concerning 
the isometric circles of the transformations of the group. 

The radii of the isometric circles are bounded. 

Let T (#1) be any transformation of the group and 5 (l)a 
transformation of the group different from 7-'. Then, from 
(8), 

ri? = |g — gel «|ge’ — Gel: 
But each factor in the second member, being the distance between 
points of Q,. is less than 2p; hence, 
r,* < 4p’, r, < 2p. (9) 

The number of isometric circles with radit exceeding a given 
positive quantily is finite. 

Let J, and J,’ be any two different isometric circles with radii 
greater than k, a positive quantity. Then ST is not the identical 
transformation, and, from (6), 

lg” — | = = > >. (10) 
The distance between the centers of two isometric circles with 
radii exceeding k has thus a positive lower bound. Since the 
centers of all such.circles lie in the circle Q,, their number must 
be finite. 

It follows from this fact that the transformations of the group 
are denumerable. 

Another consequence may be stated in the following manner: 

Given any infinite sequence of distinct isometric circles I,, Is, Is, 

. , of transformations of the group, the radit being 13, Te, 73). ++; 
then im r, = 0. 


n= © 


18. The Limit Points of a Group.—In this section and the 
remaining sections of the present chapter we suppose that no 
transformation of the group has a fixed point at infinity, so that 
the isometric circles exist for all transformations except the 
identical transformation; and that there are no points congruent 
to infinity in the neighborhood of infinity. This assumption 
involves no essential restriction since, as we have already noted, 
any properly discontinuous group can be transformed into one 
with the properties mentioned. 

Consider the centers of the isometric circles. If the group 
contains an infinite number of transformations, the centers are 
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infinite in number and, henee, have one or more cluster points. 
We lay down the following definitions: 

Derrinitions.—A cluster point of the centers of the isometric 
circles of the transformations of a group is called a limit point of 
the group. 

A point which is not a limit point is called an ordinary point, 

It is clear that all limit points lie within or on the circle Q. of 
Sec. 17, since the centers of all isometric circles lie within that 
circle. If the group contains only a finite number of trans- 
formations, there are, of course, no limit points. 

. TuEroreM 2.—Jn the neighborhood of a limit point P there is an 
infinite number of distinct points congruent to any potnt of the 
plane, with, at most, the exception of P itself and of ane other point. 

Since only a finite number of isometric circles have radii 

exceeding a given positive quantity, there are isometric circles 
of arbitrarily small radius in the neighborhood of P. Let Q be 
a small circle about P and let Jy’, Ix’, . . . be an infinite sequence 
of isometric circles contained in Q, where the center q.’ approaches 
P as n becomes infinite. Let these be the transforms of the 
isometric circles J,, Jo, ... , and let S, be the transformation 
carrying J, into J,,”. 
The centers g, of I, have at least one cluster point. Suppose 
first that there is such a point P’ distinet from P. It will suffice 
to show that for any point P, distinct from P and P’ there'is a 
congruent point in @ distinct from P; for, by decreasing the 
region (, we then have an infinite number of congruent points, 
Let J, be near P’ and of small enough radius that J, encloses 
neither P, nor P. Then, since P, is outside J,, S,(P;) is inside 
[,’ and in @. If S,(P:) is different from P, the proposition is 
established. If S,(P1) coincides with P, then P is not a fixed 
point for 5, and S,*(P,), or S,(P), is in Q and different 
from P. 

There remains the case that the only limit point of the centers 
gn is P itself. Let A and A’ be any two points distinct from one 
another and from P. A and A’ are outside an infinite number of 
circles J,. For these circles the congruent points, A, = S,(A) 
and A,’ = S,(A’) arein J,’ andin @. At least one of the points 
A, and A,’ is distinct from P. It follows that at least one of the 
points A and A” has an infinite number of congruent points in Q 
which are distinct from P. Hence, there is not more than one 
point, distinct from P, which does not have an infinite number of 
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congruent points distinct from P and in Q, This establishes 
the theorem. 

THEoREM 3.—The set of limit points is transformed into itself by 
any transformation of the group. 

The centers of the isometric circles consist of all points con- 
gruent to infinity. The transform of the center of an isometric 
cirele is the center of another isometric circle or is @ itself. 

Let P be a cluster point of the centers g:, gz, ... Thena 
transformation S which carries P into P’ carries gi, gz, - . - into 
gi’, go’, . . . With P’ as cluster point. The points of the latter 
set, with the possible exception of one point at », are centers of 
isometric circles. Hence, P’ is a limit point. 

Furthermore, no point which is not a limit point is carried 
by S into a limit point, since otherwise S~' would carry a limit 
point into a point not a limit point. 

Treorem 4.—If the set of limit points contains more than two 
points, it is a perfect set. 

A set is perfect, by definition, if it has the following two 
properties: (1) each cluster point of the set belongs to the set; 
that is, the set is closed; and (2) each point of the set is a cluster 
point of points of the set; that is, the set is dense in itself, 

That the set is closed follows at once, T'or, since each limit 
point contains an infinite number of centers of isometric circles in 
its neighborhood, a point at which limit points cluster has also 
an infinite number of centers of isometric circles in its neighbor- 
hood; hence, a cluster point of limit points is itself a limit point. 

To establish the second property we must show that any limit 
point P has an infinite number of limit points in its vicinity. If 
P, and P, are two other limit points, at least one of them has an 
infinite number of transforms in the neighborhood of P (Theorem 
2). As these transforms are limit points, the second property 
of the perfect set is established. 

There are groups of transformations—the finite groups— 
with no limit points. Groups with a single limit point and groups 
with two limit points exist. A group other than these simple 
kinds has an infinite number of limit points. Furthermore, by a 
well-known property of perfect sets, the limit points are non- 
denumerable. 

Tarorem 5.—If a closed set of points 2, consisting of more than 
one point, is transformed into itself by all transformations of the 
group, then = contains all the limit points of the group. 
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Suppose, on the contrary, that there is a limit point P not 
belonging to =. Then, since = is closed, there is no point of 
= within a suitable neighborhood of P. Let P,;, Ps: be two 
points of =. At least one {Theorem 2) has transforms in the 
neighborhood of P. This contradicts the hypothesis that = 
is transformed into itself. 

As an example of the use of the last theorem, suppose that all 
the transformations of the group are real. Then the real 
axis is always transformed into itself. It follows that the limit 
points all lie on the real axis. 

19. Definition of the Region R.—AF will consist of all that 
part of the plane which is exterior to the isometric circles of all 
the transformations of the group. More accurately, a point 
2 will belong to FR if a cirele can be drawn with z as center which 
contains no point interior to an isometric circle. We thus rule 
out those limit points, if any, which are not themselves within or 
on an isometric circle but which have ares of isometric circles in 
any neighborhood of them, Later, we shall adjoin to R a part of 
its boundary, but for the present it shall consist only of interior 
points. It may be a connected region, or it may comprise two or 
more disconnected parts. We see from (9) that it contains all 
of the plane lying outside a circle concentric with Q, and of 
radius 3p. 

It is clear that no two points of R are congruent. A trans- 
formation 7 carries all points exterior to J, into the interior of J;’. 
Any transformation of the group, except the identical transfor- 
mation, carries a point of & into an isometric cirele and, henee, 
outside /¢;so no point of Kis congruent to another point of R. 

20. The Regions Congruent to R.—If we apply to R the 
various transformations of the group, there results a set of 
congruent regions no two of which overlap (Theorem 1). Con- 
cerning the distribution of these regions, we have the following 
important theorem: 

THEOREM 6.—/t and the regions congruent to R form a set of 
regions which extend into the neighborhood of every point of the 

Suppose, on the contrary, that there is a point 2) enclosed by 
a circle Q with 29 as center and of radius r sufficiently small that 
@ contains neither points of # nor points congruent to points 
of #. Then, all transforms of Q contain neither points of 
# nor points congruent to points of R. In particular, Q and 
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its transforms contain the centers of no isometric circles, 
sinee these are congruent to «, which is a point of R. The 
interior points of @ and of its transforms are ordinary points. 

Since zp is not a point of R, zo is within or on the boundary of 
some isometric circle. Similarly, the center of each circle 
congruent to Q lies within or on the boundary of some isometric 
circle, 

The proof consists in showing that there is a circle congruent 
to Q of arbitrarily large radius, which constitutes a contradiction. 
Let S be a transformation whose isometric circle J, has 20 for 
an interior or boundary point. The center of J, is exterior to 
Q. Consider the circle Q, into which S carries Q. S is equiva- 
lent to an inversion in J, followed by a reflection in a line and 
possibly a rotation. The magnitude of Q, is determined by the 
inversion. 

It is a matter of simple algebra to show that if the center of 
Q is on J, the radius of Q, is 

y= 2 


53 


T 





where r, is the radius of J,, If ze lies within J,, r exceeds this 
value. Since r, < 2p (Equation (9)), andr <r. < 2p, we have 


1 
7, > kr, b= pee os 
1-75 
If we apply to Q, a transformation whose isometric circle 
has the center of Q, as an interior or boundary point, we get a 


circle Q; of radius rz where, since r,; > 7, 
i> — — > kr, > k*r. 
ieee 
4p* 

Continuing in this manner, we prove the existence of a circle 
Q, congruent to Q and of radius exceeding k"r, By taking n 
large enough, Q, will contain points of & exterior to the finite 
region in which the isometric circles lie. These points are 
congruent to points of Q, a contradiction which proves the 
theorem. 


We can now establish the following result: 
THEOREM 7.—R constitutes a fundamental region for the group. 








46 GROUPS OF LINEAR TRANSFORMATIONS [See. 20 


We have already shown that no two points of 7 are congruent. 
We must show further that in any circle Q about a point P 
on the boundary of # there are points congruent to points of R, 
Let z) be a point of @ which lies in an isometric circle J, Then 
in the region common to Q and J, which contains no points of 
hk, there are, by Theorem 6, points congruent to points of R. 
This establishes the theorem. 

THEOREM 8.—Any closed region not containing limit points of 
the group is covered by a finite number of fransforms of R 
(including possibly R itself). These regions fit together without 
lacune. 

Let A be a closed region; for example, a region bounded by 
a simple closed curve, having no limit points of the group in its 
interior or on the boundary. Then there is a finite number of 
isometric circles containing points of A, For, if there is an 
infinite number, there are circles of arbitrarily small radius. 
Their centers then have a point of A as cluster point, contrary 
to hypothesis. 

A transformation S carries R into a region FR, lying in J,’ 
the isometric circle of S~'. If J,’ contains points of A, R, may 
contain points of A; if A is exterior to J,’, then R contains no 
points of A. Hence, the number of regions congruent to R 
which lie wholly or in part in A is not greater than the number 
of isometric circles which contain points of A. This number is 
finite, Also, since there are points of FR, or points congruent to 
points of # in the neighborhood of every point of A (Theorem 6), 
it follows that the regions fit together without lacunw. A is 
completely covered, except, of course, for the boundaries sepa- 
rating the various regions. 

THEOREM 9.—Wuthin any region enclosing a limit point of the 
group, there lie an infinite number of transforms of the entire 
region It. 

This theorem follows at once from the fact that there is an 
infinite number of isometric circles lying entirely within a given 
region enclosing a limit point. Each of these circles contains a 
region congruent to the entire region #2, and the various trans- 
forms are different regions. 

The preceding theorems furnish a picture of the transforms 
of R. # and the regions congruent to it fit together to fill up 
all that part of the plane which is composed of ordinary points. 
They cluster in infinite number about the limit points, 
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21 The Boundary of R.—A point on the boundary of RF is 
a point P not belonging to R but such that in any circle with 
P as center there are points of R. P may be an ordinary point 
or a limit point. Obviously, P cannot lie within an isometric 
cirele. 

If P is an ordinary point, it lies on one or more isometric 
circles. Since there is but a finite number of isometric circles 
whose ares lie in the neighborhood of an ordinary point, a circle 
Q can be drawn with P as center such that Q is exterior to all 
isometric circles other than those which pass through P. 

In the most general case, a boundary point P belongs to one 
of the following three categories: 

(x) P is a limit point of the group; 

(8) P is an ordinary point and lies on a single isometric cirele; 

(7) P is an ordinary point and lies on two or more isometric 
circles. P is then called a “vertex.” 

It is desirable to include under (y) the following special case: 
If P is the fixed point of an elliptic transformation of period two, 
so that, although P lies on a single isometric circle, it separates 
two congruent ares on the circle, we shall classify P under (7) 
rather than (8). The advantages of this classification will 
appear subsequently. 

Concerning the boundary points of category (a), there is 
nothing to be added to the theorems on limit points already 
derived in Sec. 18. We shall show subsequently (Sec. 25) that 
groups exist for which the boundary points of # are all limit 
points. The groups of interest for our present theory, however, 
possess ordinary boundary points also. 

(a) The Sides—Consider a boundary point of category (8). 
Let P lie on J,, and let P’ on J,’ be the point into which T' carries 
P. We shall show that P’ is also a boundary point of category 
(8). We put aside the case P’ = P, a situation which can arise 
only if J, and J,’ eoincide and P is a fixed point of the resulting 
elliptic transformation of period two; for this case has been 
included in (7). 

First, P’ is within no isometric cirele. Suppose P’ to be within 
I,; then S magnifies lengths in the neighborhood of P’. But, 
since 7 carries P into P’ without alteration of lengths, ST 
magnifies lengths in the neighborhood of P, Then P is within 
T,, which is contrary to the hypothesis that P is a boundary 


point. 
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Second, P’ does not lie on an isometric circle other than /J,’. 
For, if P’ lies on J,, the transformation ST’ effects no alteration 
inlengthsatP. Then P is on/ZJ,,., whichis contrary to the hypoth- 
esis that P lies on a single isometric circle. It follows from 
these facts that P’ is a boundary point of category (8). 

There is no isometric circle in the neighborhood of P other 
than J; It is clear, then, that the points on J, in the neighbor- 
hood of P are likewise boundary points of category (3); so, conse- 
quently, are the congruent points on J,’. We thus have as a 
part of the boundary an are of J; and the congruent are on J,'. 
These ares may consist of the entire circles or they may terminate 
in points of category (a) or (y). Since the arcs lie on isometric 
circles, they are of equal length. We have, then, the following 
theorem: 

THeoremM 10.—The boundary points of R of category (8) form a 
set of bounding circular arcs, or sides, which are congruent in pairs. 
Two such congruent sides are equal in length. 

(b) The Vertices.—There remain for consideration the bound- 
ary points of category (7). Through a point P of this category 
there pass a finite number of isometric circles. Let Q be a circle 
about P sufficiently small that all isometric circles other than 
those through P are without Q and such that any points of 
intersection of the cireles through P, other than P itself, lie 
without Q@. The isometric circles through P divide Q into a 
finite number of parts. One of these parts A, owing to the 
assumption that P is a boundary point, belongs to Rk. The two 
arcs which bound A, on J, and J,, say, are a part of the boundary 
of R. The points of these ares other than P belong to category 
(8). That is, at a vertex two sides of R meet. 

Now make the transformation 7’, P being carried into P’ on 
I’. By reasoning almost identical with that employed in the 
preceding case, we show that P’ is a vertex. We can show, in 
fact, that P and P’ lie on the same number of isometric circles. 
Let P lie on the isometric circles of 7, S, U, ... ; then P’ 
lies on the isometric circle of T-1, and also on those of ST™', 
UT, . .. , a8 we see on considering the way in which lengths 
in the neighborhood of P’ are affected by the transformations. 
These transformations are different—thus, ST! = UT —! implies 
S = U—hence, their isometric circles are different. Hence, as 
many isometric circles pass through P’asthroughP. Interchang- 
ing the réles of P and P’, as many pass through P as through P’. 
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(c) Extension of R.—We shall find it convenient to add to the 
region F# certain points of its boundary. Of two congruent 
sides, one, exclusive of the end points, may be added without 
including points congruent to points previously in #. A vertex 
where bounding ares meet may be congruent to several other 
vertices, one of which may be adjoined. The resulting region is 
still a fundamental region. 


22. Example,—-A Finite Group.—The following example of a finite group 
illustrates parts of the preceding discussion, The transformations 
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constitute a group. This is, in fact, the group got by transforming the group 
of anharmonic ratios (Sec. 13 (2)) by G = 1/{z + 2) so that © shall not be 
a fixed point of any transformation. The isometric circles are 

Iile— 341 =34, Isle -— 4] =, 

T3:|z — 34| = ¥, Iq:|2 — 34] = ¥, Is:|z — 34] = 4. 
These are shown in Fig. 15. 





Frye, 15. 


The fundamental region # is bounded by ares of J; and Js. 7) is an ellip- 
tic transformation of period two [ae + d = Oj, one of the fixed points being 1. 
T carries the upper half /, of the bounding are on J, into the lower half l_;. 
Similarly, T: is of period two, the upper and lower sides, !, and /_» being con- 
gruent, There are thus two pairs of equal congruent sides, 


Two congruent verticesmre 57, + iV: 344, through each of which pass all 
five isometric circles. The points 0 and 1 are also vertices. 

R and the five regions congruent to # fill up the whole plane without 
overlapping. ‘The congruent regions are not drawn, but it is not difficult 
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to verify that the six regions consist of the six parts into which the plane is 
divided by the complete isometric circles 7;, J:, and J. 

23. Generating Transformations.—In Sec. 13, mention was 
made of the group resulting from combining a finite or infinite 
number of linear transformations in all possible ways. We shall 
now raise the question whether a knowledge of the fundamental 
region K furnishes any information as to a set of generating 
transformations of the group. 

Let l;, 11, fs, ls, . . . be the congruent pairs of sidesof R. Let 
T; carry 1, into l_1; T; earry [;intol_2;andsoon, We shall show 
that under certain circumstances 73, 7's, .. . form a set of 
generating transformations for the group. 

It is clear that the group formed by all possible combinations of 
T;, Ts, . . . , and their inverses contains only transformations 
of the original group. That is, the group generated by Ty, 
T; ..., which we shall designate by Ty, is a subgroup of the 
original group. The question at issue is whether T, contains all 
the transformations of the group or only a part of them. 

Let us consider the way in which R is transformed by the 
transformations of the groupT;. For convenience in notation, let 
us represent 7',~'by T_,. 1, carries R into a region R, adjoining 
Ralong the side ?_,; T7_,(= 7, ) carries Rinto a region #_, adjoin- 
ing # along the side !;. In general, 7°, carries R into a region F,, 
adjoining & along the side i... Hence, 7), To, . . . and their 
inverses carry # into regions adjacent to FR along all its sides. 

Let S be any transformation of the original group, and let S 
carry into R,. RK, is bounded by circular ares congruent to the 
sides , of R. The regions R, adjoining ? along its sides are 
carried by 3 into regions adjoining R, along all its sides, That is, 
f.(= S(2)) is surrounded along all its sides by the regions S7’,.(R), 
mse 1 

In particular, let S belong to the groupT;. Then, ST, belongs 
to T;, and the regions surrounding R, are transforms of R 
by transformations of the group I). The transforms of R 
by the group I; are entirely surrounded by other such transforms, 
the regions fitting together, without lacunz and with no free sides, 
to form one or more networks of regions. If these networks 
fill up the whole plane, T,. coincides with the original group; 
otherwise it does not. 

Let A be a closed region containing no limit points of the group 
and having points in common with the region R. Then R and a 
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finite number of its transforms by the group T,; cover A 
completely. For, along the sides of # which lie in A, we can 
adjoin regions of the network; along the sides of the new regions 
which lie in A, we can adjoin other regions of the network; and 
soon. We can continue this process as long as there are any free 
sides lyingin A. But A is covered completely by a finite number 
of regions congruent to R (Theorem 8); hence, this process must 
end in a finite number of steps. 

By similar reasoning, if the region A contains points of any 
region J2; congruent to & by a transformation of T, A can be 
eovered by a finite number of regions congruent to R by the 
transformations of T. 

We can now prove the following theorem: 

THEOREM 11.—Jf some point of R can be joined to all its con- 
gruent points by curves not passing through limit points, then the 
transformations T), Ts, . . . by which the sides of R are congruent 
constitute a set of generating transformations for the group. 

Let 8 be any transformation of the group. Let zp be a point of 
R which can be joined to any congruent point by a curve not 
passirg through a limit point. Let C be such a curve joining 
Z to 29’ = S(zo). C can be embedded in a closed region A 
consisting entirely of ordinary points. 

A is covered by # and a finite number of regions congruent to 
R by transformations of the group T,. In particular, there is a 
transformation 7 of I which carries # into a region covering the 
neighborhood of z,’. The transforms of # by S and T' overlap, 
whence S = JT. Any transformation of the original group belongs 
to T;, which was to be proved. 

There are certain cases in which we can state at once that 
Ti, Tz, . .. are generating transformations. The first is the 
finite group. Since there are no limit points, the conditions 
of the theorem hold. For example, in the group given in See. 
22, T, and 7; are generating transformations, The reader can 
verify that their combinations give the remaining transformations. 

Again, the distribution of the limit points may be such that 
any two points which are not limit points may be joined by 
a curve not passing through the limit points. Then, obviously, 
the conditions of the theorem hold. ‘The simplest examples are 
the groups with a finite number (one or two) of limit points. 

24. Cyclic Groups. Derinition.—A cyclic group is a group 
generated by a single transformation. 
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If T is the transformation which generates the group, then 
the group consists of the transformations ... 7*?, T=', 1, 
T, T™, ... The groups whose fundamental regions are shown 
in Figs. 11, 12, 14 are eyelic groups. In the examples, all 
the transformations have a fixed point at infinity. In the 
present section, we shall examine the cyclic groups arising when 
T is one or another of the various types of transformations and 
where the fixed points are finite. A knowledge of cyclic groups is 
important because of the fact that every group contains cyclic 
subgroups. For, the group generated by any transformation of 
the original group belongs to that group. 

If there are two fixed points, £; and ts, 7 can be written in the 
form (Sec. 6, Equation 24). 





e~h _ pth 
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and the general transformation 7" is 


Mlieets, WU toot 78 
2 — & 3 z— & (12) 


On solving for 2’, we have 


r= qnfey — RNEe — Ende + (1 — Ke bids 
SS apes eed 

We find the determinant to be K"(£, — £)*, so we must divide 
numerator and denominator by A™2(£, — ¢;) to render the 
determinant 1. The isometric cirele J, of T™ is 


I 1 Kare — : = 
ot Be = er) beta a 

(a) Hyperbolic and Lexodromic Cyclic Groups —If T' is hyper- 
bolic, K is real and |K| #1; then the multiplier K* of 7», 
n ¥ 0), is likewise real and in absolute value unequal to 1; whence 
all transformations of the group are hyperbolic. If K is not real 
and |K| ~ 1, then |K*| + 1, n = 0, although in certain cases K" 
may be real; hence, if T' is loxodromie all the transformations of 
the group are loxodromie or hyperbolic. 

We found in See. 11 (4) that a fixed point cannot lie on either 
of the isometric circles J,, I, of a hyperbolic or loxodromic 
transformation 7“ and its inverse, Clearly, there ean be no 
fixed points outside both J, and J,,’, for T* shifts the position of 
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such a point. Each J, contains a fixed point. As n increases, 
the radius of J,, approaches zero; so each fixed point is a limit 
point of the group. An application of Theorem 5, where we 
let the set 2 consist of the two fixed points, shows that there are 
no further limit points. 

In studying the arrangement of the isometric circles we shal! 
make use of the following proposition; 

TueoreM 12.—Let I,, I,, I’, I. be the tsometric circles of T, S, 
S71, U = ST, respectively. If I; and f,' are exterior to one another, 
then I, is contained in I,. 

If I,and I,’ are tangent externally, then I, lies in I, and is tangent 
internally. 

The proof is simple, Suppose the cireles not tangent; and 
let z be a point outside (or on) J,. Then S carries z into a 
point z’ within (or on) J,’ with decrease of lengths (or without 
alteration of lengths). Now 2‘ is outside J,; so 7 transforms 
z' with decrease of lengths. Hence, U transforms z with decrease 
of lengths, whence z is outside J,. Since every point on or 
outside J, is also outside J,, the latter circle is contained in the 
former. 

If J, and J,’ are tangent externally at a, the preceding reasoning 
holds except at the point a) on J, which S carries into a. T'S 
makes no alteration of lengths at ao, whence ap lies on J,. 

If, in the cyclic group, T is hyperbolic or if T' is loxodromic 
and |ja + d| 5 2, J and J’, the isometric circles of T and T=', 
are exterior to one another (possibly tangent). We now show 
that J encloses J,, J; encloses [;, etc., and, likewise, J’ encloses 
I,', Is encloses J;',and s0 on. We see at once from Theorem 12, 
taking S = T, that 72 is contained in 7. Similarly, from the 
product 7-'7'-', J,’ lies in J’. 

We establish the general relation by induction. Suppose that 
the circles are arranged as stated up to J, and J,’, and consider 
Inu. We write T*t! = TT". By hypothesis J,,’, the isometric 
circle of 7", lies in J’, and hence is exterior to J. It follows 
from Theorem 12 that J,.; lies withinZ,. By identical reasoning 
I'.41 is contained in J,’. 

It follows from the preceding that J and J’ contain all other 
isometric circles, whence the fundamental region F is the region 
lying outside these two circles. In Fig. 16, the isometric circles 
are drawn for a group generated by a hyperbolic transformation 
with K = 4. 
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The situation is somewhat different for a loxodromic trans- 
formation for which |a + dj < 2. In Fig. 17 the isometric 
circles are shown for the group generated by T = 1/(z + 1). 
Here a+d=i, whence T is loxodromic. The congruent 
boundaries of # are connected by the transformations T and T°. 


Fie. 16. 


According to Theorem 11, these are generating transformations 
for the group. This example illustrates the fact that the gener- 
ating transformations found by an application of Theorem 11 are 
not necessarily the best obtainable, that some of the trans- 
formations found in this way may be consequences of others. 





A simpler fundamental region for this case, although not bounded by 
isometric circles, is got as follows. The loxodromic transformation may be 
written T = UV, where V and U are hyperbolic and elliptic transformations, 
respectively, with the same fixed points as T. Let J and J’ be the isometric 
circles of V and V-', Then, it is readily shown that the part of the plane 
exterior to J and J’ is a fundamental region for the group generated by T. 
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(b) Elliplie Cyclic Groups.—lf T is elliptic, all isometric 
circles pass through the fixed points. Here K = e**, and unless 6 
is commensurable with x, the group is continuous. In Fig. 18, 
the isometric circles are drawn for K = e®*/5, The group may 
be generated. as the figure shows, by 7T* which has the multiplier 
e2xi/5. 








(c) Parabolic Cyclic Groups.—li T is parabolic, the transforma- 
tion may be written (Sec. 10, Equation 37) 
1 1 





= a . 14) 
Then 7" is the transformation 
l 1 

= = —— 15 

Pash gene “+ ne, (15) 





or 
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The determinant in (16) is 1 and the isometric circle J, is 


(2) 
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We see from (17) that £ lies on J,,, and that the center of J,, 
namely ~ — * lies on the line joining £ to Lc. Henee, all 


isometric circles have a common tangent at & If n is positive, 
the center of J, lies on one side of £; if negative, on the other. 
As » increases in absolute value, the radius steadily diminishes. 
From these facts it follows that the arrangement of the isometric 
circles is as shown in Fig. 19. This can also be shown from 
Theorem 12. ‘The fixed point is the only limit point of the group. 

25. The Formation of Groups by the Method of Combination. 
We here explain a method of forming properly discontinuous 
groups, by the use of which a great variety of groups with very 
diverse properties can be constructed. The reader will gain some 
idea of the intricate possibilities in the broad class of properly 
discontinuous groups. 

ziven a finite or infinite number of properly discontinuous 
groups I), Ty... Let the transformations of these groups be 
combined in all possible ways to form a group T. We get two 
kinds of transformations: (a) those belonging to the original 
groups; and (5) cross-products resulting from the combination of 
transformations not all belonging to the same original group. 
The resulting group may be continuous or discontinuous. In 
certain cases, however, we are able to state that the group is 
properly discontinuous and to specify its fundamental region R. 

THEOREM 13.—Let the R-regions R,, Re, .. . of the groups 
T;, Ts, . . . all contain some neighborhood of infinity; and let the 
isometric circles of all transfermations of each group be exterior 
(possthly tangent externally) to all isometric circles of all the trans- 
formations of the remaining groups. Then the group T formed by 
combining the given groups is properly discontinuous, 

The region containing all points common to R,, Ro, . . . ts the 
region RforT. Here a point is not counted as belonging to KR unless 
a region about the point lies in R,, Rg, . . . 

R is the region lying outside the isometric circles of the trans- 
formations of [ of the category (a). The cross-products have 
not been taken into account. We now show that the isometric 
circles of the transformations (6) contain no points of RF, 

Consider the general cross-product 


U = 8,8.-1 °° > SoS. 


Here we suppose that the two successive transformations S,, 
Sis, do not belong to the same one of the groups T;, Ts, . . 


' 
xe! 
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otherwise, we combine them into one transformation. We apply 
the transformation U toa point zof R. Let J;, Z:' represent the 
isometric circles of S;, So '. Since zo is exterior to J;, S, carries 
z, into 2; within J,’. Since J,’ is exterior to 2, 2, is exterior to Ts 
and Ss eatries 2, into 2; within J;'; and so on. At each step, 
lengths in the neighborhood of the point are decreased. So U 
decreases lengths in the neighborhood of zo; hence 29 is exterior 
to the isometric circle of U. Thus the region # of the theorem 
is the region lying outside all the isometric circles belonging to 
the group Tr. The existence of # shows that I is properly dis- 
eontinuous. 


By the use of Theorem 12, employing reasoning sitmilar to that of the 
preceding section, we can show that the isometric circles of 


S81, S28, S538), SSE Gg U 


form a sequence such that each circle encloses the circle which follows it- 
It follows that the isometric circle of a cross-product lies within one of the 
isometric circles of the original groups, and hence has no bearing on the 
construction of R. 


A few examples wherein we actually construct combination 
groups will throw some light on the various forms which the 
region & can take. 

Given two equal circles, we can set up infinitely many trans- 
formations 7 such that the given circles are the isometric circles 
of T and T-', It is easily shown that the most general linear 
transformation such that J, and J,’ are, respectively, 


le—-gh=r 2-@l=r 
is | ; 
T= gz — (qq + rie) (18) 
fare 

where @ is any real quantity. If 7, and J,’ are exterior to one 
another, the region exterior to J, and J;’ is the region F& for the 
cyclic group generated by JT. We shall use groups of this sort in 
applying Theorem 13. : 

(a) Given 2n circles I;, I1’5 . - - 3 In; Le’: which are equal in 
pairs, and which are exterior to one another or are externally 
tangent. We set up the transformation 7; so that TJ; and T;"' 
have the isometric circles J; and J;'. Then the group generated 
by T., Ts, ... 7, has for a fundamental region the region 
outside the 2n circles. 
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If no circles are tangent, F is a connected region, although not 
simply connected. Its boundary consists entirely of sides, 
there being no boundary points of categories (a) or (y) (Sec. 21). 

By making the circles tangent in various ways, the region 
exterior to the circles can be separated into several regions. 
Then & will consist of several parts. 

(b) In the same way, we can select an infinite number of 
circles equal in pairs and construct a group. Since we are assum- 
ing that the isometric circles lie in some finite domain, we shall 
have circles of arbitrarily small radius. 

These circles can be put together in such a way that & is 
composed of an infinite number of separate parts. 

(c) That R can be a region whose boundary points are all 
limit points is shown by the following example: 





Fic. 20. 


Let C be a closed curve (Fig. 20). Without going into detail, 
it is seen that pairs of isometric circles with which to form 
a combination group can be put into the interior of C in such a 
manner that every point within or on C which is not within a 
circle has an infinite number of circles in its neighborhood. 
Then & comprises the exterior of C. The boundary of #, namely 
C itself, is composed entirely of limit points. 

Constructions of this sort for other and more complicated 
forms of the region /? will oceur to the reader. 

An Extension. Schottky Groups.—-Results analogous to 
Theorem 13 can be derived for other kinds of fundamental 
regions, Let T,, . , Tr. be groups with fundamental regions 
Fi, ..., Fe. Let F; contain in its interior all points of the 
plane not interior to F;(t #37). If the combination group 
be formed we can show that the region F consisting of all points 
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common to F;, ... , /m is a fundamental region for fr. The 
boundary of F ccriniat of the boundaries of F;, . .. , Px. 

In the neighborhood of a point P on the boundary of F; there 
exist points not belonging to F; which are congruent to points 
of F;, Further, these points can be so chosen that the congruent 
points in F; lie as near ‘the boundary of F; as we wish and so 
belong to FF, The second requirement of the fundamental 
region is satisfied, 

Obviously, no two points of F are congruent by transforma- 
tions of the original group. We now consider the effect of a 
cross-product on a point 2) of F. Let U = 8, +++ S:, where 
S:(1) belongs to the group l’,, and T,, and Ty, are different 
groups. S, carries 2) into a point 2, outside /,, and hence in 
F4,; Sq carries 2; into a point 2, outside F,, and hence in F,,; etc. 
Finally, S. carries z,-, into a point 2, outside F,; that is, U 
carries 29 into a point outside F, and the first property of the 
fundamental region is established. 

The Schottky group! is constructed as follows: Let Q;, Qy'; 

+ Qn; Qm’ be m pairs of circles external to one another. 
Let. T, be a linear transformation (loxodromic or hyperbolic) 
carrying @; into Q;' in such a way that the exterior of Q, is 
carried into the interior of Q,’. T; generates a cyclic group Ty 
for which all that part F; of the plane exterior to Q; and Q,’ is 
a fundamental region. Here F; contains all that part of the 
plane not contained in /’;(j #12). The Schottky group I is 
got by combining T;,..., . It has as fundamental region 
all that part of the plane exterior to the 2m circles. T is gener- 
ated by the transformations T,, ... , Tn. 

In a subsequent chapter (Chap. X) there will arise groups 
generated as is the Schottky group except that Q,,..., Qn’ 
are closed eurves which are not necessarily circles. Such a 
combination group is called a “group of Schottky Type.” 

26. Ordinary Cycles—Returning now to the fundamental 
region R for the general properly discontinuous group, we shall 
make a study of the vertices. Let A; be a vertex. If either 
of the sides which meet in A, is carried into its congruent side, 
A, is earried into a vertex at the extremity of this latter arc. 
These congruent vertices may be carried into others, with the 
result that A, may be congruent to several of the vertices of FR. 

t Crelle's Jour., Vol. 101, pp. 227-272, 1887. 
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We may find the vertices congruent to A, by the following 
method; Let us think of the boundary of # as being traced in a 
positive sense; that is, with the region on the left. In passing 
through a vertex, we proceed along one side to the vertex and 
then proceed along a second side from the vertex. We consider 
the vertex as the end of the former side and the beginning of 
the latter. When a side is carried into its congruent side, the 
beginning and end of the former are carried into the end and 
beginning, respectively, of the latter; this results from the fact 
that the direction around the isometric circle is reversed (Sec. 
LL {a)), 

Let 1; be the side beginning at A, (Fig. 21). This side is 
carried by a transformation 7, into the congruent side l_,, A, 
being carried into A; attheendof/_,, There isaside/, beginning 
at Ay The are /; is carried by some transformation 7’, into 
thecongruent side/_., A» being carried into As at the end of I... 
We can continue in this manner, getting other congruent vertices 
until we return to A, and the side /). 

We will return to A, in a finite number of steps. Suppose, 
on the contrary, that an infinite number of vertices Ao, As, . 
are congruent to A; The transformation S. which carries A, 
to A, has an isometric circle passing through A,; for if A, is 
outside the isometric cirele of S,, A, is within the isometric 
circle of S.-', which is impossible. Then the isometric circles 
of Ss, Sy, ... , an infinite number, pass through A;, which is 
contrary to the hypothesis that A, is an ordinary point. Hence, 
in applying the process just explained, we encounter a finite 
number of vertices A», Az, ... Am, congruent to A, and then 
return to A,.! 

Derrinition.—A complete set of congruent vertices of a funda- 
mental region is called an ordinary cycle. 

We shall show presently that there are no vertices of R con- 
gruent to A, other than those just found; whence A,;, Az... 
A. constitute a cycle. 

Let T;, T:, . .. , Ts be the transformations in the preceding 
treatment by which we carry A; to Ay, A: to A; ... Amto Ay, 
respectively. Some of these transformations, it will be noted, 
may be inverses of the others, but each connects a pair of bound- 

‘We continue until we encounter the vertex A, followed by the side t,. 


We may encounter A, once before this happens, in the special case that the 
sides at A, are tangent. See Fig. 24 p. 73, 
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ing ares, The transformation S = T. - - - T2T, carries A, into 
itself. It may happen that S is the identical transformation. If 
not, S is an elliptic transformation. For, A, is a fixed point of 
S; and the fixed points of hyperbolic or loxodromic transforma- 
tions lie within isometric cireles and the fixed point of a parabolic 
transformation (Fig. 19) is a limit point of the group. 

Consider now the way in which the transforms of Ft fit 
together at A; The transformations Tm, TaTm-1, - + - , Tia 
- 2. T. Te «+ « T,(=S) carry Aw, Ant, . . + As, Al, respec- 
tively, into A,, Further, the regions Ru, Rao, ..- , Re, R,, 
respectively, into which these transformations carry FR fit together 
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at A, (Fig. 22). Thus, 7, carries A, into A,, R,, being adjacent 
to R along the are/_,,ending at A,. In general, T; carries A; into 
Ai, and carries R into a region abutting on # along a side 
ending in A,,1, whence the transforms of these two regions by 
Ta - ++ Tey, namely R; and Ris, are adjacent along an arc 
issuing from A. In proceeding counterclockwise around Aj, 
starting from 2, we encounter in order the adjacent regions Ry, 
Rt, ..., ft, Ry. The curvilinear angle of & at A, is carried 
into an equal angle of &, at A1. 

Since there can be no overlapping of congruent regions, there 
are two possibilities. First, R, may coincide with A and the 
regions R, Rw, ... , Ry completely fill up the angle about A). 
Then, S is the identical transformation. The sum of the angles 
at the vertices As, As, aise) Aw is equal to Zr. 

If R, does not coincide with R, 8 is an elliptic transformation. 
Now, an elliptic transformation with multiplier K = e amounts 
to a rotation in the neighborhood of the fixed point through the 
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angle @x0. Carrying 7 into R, requires (Fig. 22) that @be equal 
to the sum of the angles at the vertices. On applying S, R, 
Rw, .. . , Rg are carried into adjacent regions filling out more of 
the region about A, counterclockwise from R,. After a finite 
number, k, of applications of S, the region about A, is completely 
filled up and S*(#) coincides with R. 

It is now clear that there are no vertices of R congruent to A, 
other than Ao, ...,A,. For, a transformation carrying any 
other vertex A to A, carries RP into a region overlapping the 
regions which fill out the angle about A,, which is impossible. 

We state the preceding results in the following form: 

THEOREM 14,—The sum of the angles at the vertices of an ordinary 
cycle is 20k, where k is an integer. If k > 1, each verter of the 
cycle 13 a fixed point of an elliptic transformation of period k. 

THeorREM 15.—Each ordinary cycle determines a relation of the 
form (TT m1 > + + Tz: T,)* = 1 satisfied by the transformations 
connecting congruent sides of R. 


As an illustration of the preceding results, we take the group of Sec. 22, 
the fundamental region of which is shown in Fig. 15. Consider the upper 
vertex in that figure. The side J, beginning at that vertex is carried by T, 
into /_, ending at the lower vertex. The side is beginning at the lower 
vertex is carried by T;~! into 4 ending at the upper vertex. The upper and 
lower vertices thus constitute a cycle, 

The transformation S = J's"'T, is clearly not. the identical transformation, 
since the sum of the angles at the two vertices is less than 2; hence, Sis an 
elliptic transformation with the upper vertex as fixed point. We find 
readily that S = 7',, and that S?+ = 1. The sum of the angles at the two 
vertices is 2*/3, 

Again the origin is a vertex. The are 1, beginning at the origin is carried 
by T; into the are l_, ending at the origin. Hence, the origin alone consti- 
tutes a eyele. The angle there is *; whence 7'y? = 1. 

Similarly, the vertex at the point 1 constitutes a cycle. There are thus 
three cycles, 


27. Parabolic Cycles.—If a side of R terminates in a limit 
point P, various situations may arise. It may happen that there 
is no other side terminating in P}. Let us suppose that two sides 
meet in P; and let us apply the method given in the preceding 
section for getting points congruent to P. 

Let f; be the side beginning at P;. Then J, is carried by a 
transformation 7’, into a side [_; ending at a limit point Py. Let 
i, be the side, if any, beginning at Py, and let T2 carry ly into the 
side /_, ending at P.; and so on. 
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In the application of this process there are three situations that 
may arise: (1) the process may be terminated at some stage by 


arriving at a point at which no side begins; (2) the process may 


continue ad infinitum without a return to P,; (3) after arriving at 
a finite number of congruent points Ps, Ps, ... , Px, we may 
return to P; and the side 1. It is not difficult to set up com- 
bination groups exemplifying each possibility. 
If (3) holds, we say that Pi, Pz, . . . , Pm constitute a. parabolic 
cycle, and each point of the cycle is called a “ parabolic point, 
In many of the groups to be studied subsequently & has a 
finite number of sides and the only limit points on the boundary 





are points where two sides mect. These conditions rule out cases 
(1) and (2); whence the limit points on the boundary are parabolic 
points arranged in cycles. 

The transformation S = T.Tm-1 °° * T2T, carries P, into 
itself; whence S is either elliptic or parabolic. The reasoning 
of the preceding section can be repeated word for word to show 
that wae Yb igen ee vy Tmt? T's, Om ae be carry Pa, 
Py-1, .»» ,P2, Pi, respectively, into P,; and carry # into regions 
Rm, Re-1, +. , Re, Ry fitting together along arcs issuing from 
P, in the order shown in Fig. 23. The angle between the sides 
of R; which meet at P, is equal to the angle between the sides of 
R which meet at P;. 

S earries R into R,, the side J, being carried into the side [’ 
which separates R, and R:. If S is elliptic /; and /;' meet at an 
angle different from zero. By repeating S a finite number of 
times, the neighborhood of P, is covered by a finite number of 
regions, which is contrary to Theorem 9. Hence 8 is parabolic. 
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Since S is parabolic, ]; and /' are tangent at the fixed point P,. 
Then, the ares bounding the intervening regions are also tangent 
tol, The angle between the sides which meet at each point of 
the cycle is zero, 

By repeated application of S to the regions in Fig. 23, we get 
infinitely many other regions with two sides meeting at P., the 
sides being tangent to /). 

TuEoreM 16,—The sides of R which meet at a parabolic point are 
tangent. There is an infinite number of regions congruent lo R each 
having two sides which meet at the parabolic point and are tangent 
to the sides of R. 

If the sides of R mect always at vertices or at parabolic points, 
the region is of a particularly simple kind. 

TuroreM 17.-—If the boundary of R consists entirely of ordinary 
points, or if the only limit points on the boundary are parabolic 
points, then R has a finite number of sides. 

Suppose that # has an infinite number of sides. Let 2, 22, 
.. . be an infinite suite of points each lying on a side of & and no 
two lying on the same side. These points have at least one 
cluster point P, which is also a boundary point. In the neighbor- 
hood of P lie infinitely many sides of R. This is impossible either 
at an ordinary point or at a parabolic point; and the theorem is 
established. 

28, Function Groups.—The ordinary points of a properly 
discontinuous group either form a single connected region, or 
two-dimensional continuum, 2, or else are separated by the limit 
points into two or more two-dimensional continua 2, 2, Zs, .. - 

Derinition.—A properly discontinuous group will be called a 
function group if one of the connected regions = into which the limit 
points separate the plane is carried into tself by all the transforma- 
tions of the group. 

In.a finite group or a group with one or two limit points the 
ordinary points constitute a single connected region which is 
carried into itself by all transformations, whence the group is a 
function group. A group of the sort shown in Fig. 20 is not a 
function group. It is the function groups only that will play 
a part in our subsequent theory. 

THEOREM 18.—In the region = of a function group lies a part 
Ro of the region R, and Ry is a fundamental region. 

Not all of 2 can be exterior to =, for then the transforms of 
R would all be exterior to , contrary to Theorem 6. Let P be 
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a boundary point of Ry. If P is a limit point, there are points 
congruent to points of Ry in the neighborhood of P by Theorem 2. 
If P is an ordinary point on the boundary of fo, it lies in 2 and 
there are points congruent to points of F# in its neighborhood. 
But these points are congruent to points of Ro since the trans- 
forms of all other points of R are exterior to 2. Since obviously 
no points of Ry are congruent, My is a fundamental region for the 
group. 

TuEeorem 19.—The sides of Ro are congruent in pairs; and the 
transformations connecting congruent sides of Ry form a set of 
generating transformations for the function group. 

It is clear that Ry is bounded in part by sides. For, otherwise, 
Ry is bounded entirely by limit points (or consists of the whole 
plane if there are no limit points) and coincides with =. Then, 
no two points of = are congruent, which is impossible. (We 
assume here that the function group does not consist solely of the 
identical transformation.) Each side of Ry is congruent to some 
side of R. But the congruent side must lie in = and so is a side 
of Ro. 

Since 2 is, by hypothesis, a connected region, any interior 
point of Rp can be joined to any of its congruent points by a 
curve not passing through a limit point of the group. ‘The 
latter part of the theorem then follows from Theorem 11. 

TuEorem 20.—If a function group possesses a fundamental 
region F which, together with tts boundary, consists of interior 
points of =, and whose transforms cover the neighborhood of each of 
its boundary points, then the boundary of Ro consists of intertor 
points of =, and Ry has a finite number of sides. 

A finite number of transforms of Ry) cover F and its bound- 
ary completely. Let us carry the portion of F in each region &; 
into Ry by means of the transformation which carries &, into Ro. 
These transforms of parts of F do not overlap, since no two points 
of F are congruent. 

Furthermore, they fll Ry completely without lacuna. Sup- 
pose, on the contrary, that an interior point z) of R» is exterior 
to all the transforms of parts of F. Let 2, be the nearest 
point of one of the parts in Ry. Then in any neighborhood of 2 
are points which are not covered and which are, therefore, not 
congruent to points of F. On carrying the particular part back 
to F, z, goes into a boundary point of F which has in its neighbor- 
hood points not congruent to points of F. This is impossible. 
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If Ro has a limit point on its boundary, so has one of the 
parts covering Ry and there is a congruent limit point on the 
boundary of F, contrary to hypothesis. 

We may now imbed the region Ry in a closed region A con- 
sisting entirely of ordinary points. Only a finite number of 
isometric circles enclose points of A. As isometric circles which 
are exterior to A cannot form part of the boundary of Ro, it 
follows that My is bounded by a finite number of sides. 

The group is then generated by a finite number of trans- 
formations. 

Classification of Function Groups.—We shall separate the func- 
tion groups into three major classes, 

1. Elementary Groups.—These consist of the finite groups and 
the groups with one or two limit points. 

2. Fuchsian Groups—A group is called “Fuchsian” if its 
transformations have a common fixed circle and if each trans- 
formation carries the interior of the fixed circle into itself, 

3. Kletnian Groups.—A function group is called “‘ Kleinian” if 
it does not belong to one of the preceding classes. 

Examples of elementary groups are the group discussed in 
Sec. 22 and the cyclic groups of Sec. 24. 

There is a certain amount of overlapping between (1) and (2). 
Certain of the elementary groups possess fixed circles; for exam- 
ple, the non-loxodromie cyclic groups. 

Most of the combination function groups are Kleinian groups. 
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29. The Transformations.—As defined in the preceding 
section, a Fuchsian group is a properly discontinuous group each 
of whose transformations carries a certain circle into itself and 
carries each of the parts into which the circle divides the plane 
into itself. ‘The common fixed cirele will be called the “ principal 
cirele.” A point within the principal circle is carried into an 
interior point; an exterior point is carried into an exterior point, 
If the principal circle is a straight line, a point on one side of the 
line is carried into a point on the same side of the line. 

Consider now the kinds of transformations that can belong 
to a Fuchsian group. We found in Sec, 9 that the only loxo- 
dromic transformations which have fixed circles carry the 
interior of each fixed circle into its exterior. Hence, there can 
be no loxodromic transformation. Referring to Secs. 7, 8, 10, 
where we studied the fixed circles of the non-loxodromic trans- 
formations, and to the accompanying figures, we see that a 
transformation of the group, other than the identical transforma- 
tion, must be one of the following kinds: 

(a) A hyperbolic transformation with its fixed points on the 
principal circle, 

(b) An elliptic transformation with its fixed points inverse to 
one another with respect to the principal cirele. 

(c) A parabolic transformation with its fixed point on the 
principal circle and with its fixed straight line tangent to the 
principal circle. 

Conversely, a transformation of any one of these three kinds 
carries the circle into itself. 

An application of Theorem 20, Sec. 11(c), gives the following 
result: 

THEOREM 1.—The isometric circles of the transformations of a 
Fuchsian group are orthogonal to the principal circle. 

30. The Limit Points.—Since the principal circle is trans- 
formed into itself, it constitutes a set to which Theorem 5 of 
See. 18 applies. Hence, we have the following theorem: 
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THEOREM 2.—The limit points of a FPuchsian group lie on the 
princtpal cirele. 

This theorem can also be proved directly from Theorem 1. 
For, the requirements that a limit point shall have isometric 
circles of arbitrarily smal! radius in its neighborhood and that 
these circles shall be orthogonal to the principal cirele can be 
met only if the limit point is on the principal circle. 

THEeoreM 3.—Jf there are more than two limit points, either (1) 
the set of limit points consists of all points of the principal circle; 
or (2) the set of limit points ts a perfect set which ts nowhere dense 
on the principal circle. 

We have already found (Sec. 18, Theorem 4) that if there are 
more than two limit points the limit points form a perfect set of 
points. We must show further that unless every point of the 
principal circle isa limit point, then the limit points form aset which 
does not contain all the points of any are of the principal circle, 

Let 29 be a point lying on the principal circle and which is not a 
limit point. Then the points in the neighborhood of 2) are also 
ordinary points. In particular, the points on a suitably small 
are / of the principal circle passing through 2» are ordinary points. 

Let P be a limit point. Then, applying Theorem 2, Sec. 18, 
there are points congruent to points of A in the neighborhood of 
P. These points are ordinary points and lie on the principal 
circle. Sinee there are ordinary points on the principal circle 
in the neighborhood of a limit point, it follows that the set of 
limit points is nowhere dense on the principal circle, 

It is known from the theory of perfect sets that the set of 
limit points in (2) can be formed by the removal from the princi- 
pal circle of an infinite number of open arcs, hy, fhe, . . . These 
ares do not overlap and have no common end points. Further 
between any two ares lie infinitely many others. The perfect set 
consists of the points that remain after the ares have been removed, 

On the basis of the preceding theorem we shall classify Fuchsian 
groups as follows: 

(a) Fuchsian groups of the first kind, or groups for which every 
point of the principal circle is a limit point. 

(6) Fuchsian groups of the second kind, or groups whose limit 
points are nowhere dense on the principal circle. 

To (6) belong the groups whose limit points form a non-dense 
perfect. set and also the elementary Fuchsian groups, where the 
number of limit points is finite. 
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In (a) the limit points separate the plane into two regions each 
of which is carried into itself. In (b) the ordinary points form a 
single connected region. 

We shall find that groups of both kinds exist, and that the 
two kinds of groups have strikingly different properties. 

31. The Region R and the Region Ry.— When we make an 
inversion in a circle, any orthogonal circle is carried into itself 
and the interior of the orthogonal circle is carried into itself. 
Hence, from Theorem 1, if we make an inversion in the principal 
circle, each isometric circle is carried into itself and its interior 
and exterior go, respectively, into its interior and exterior, A 
point of A, being exterior to all the isometric circles, is carried 
into another point of R. Hence, we have the following result: 

TuEorem 4.—An inversion in the principal circle carries the 
region R into itself. 

In this inversion, infinity is carried into the center of the 
principal circle, providing, as we shall assume, that the principal 
cirele is not a straight line. Since the points in the neighborhood 
of infinity lie in FR, it follows that points in the neighborhood of 
the center of the principal cirele lie in FR. 

The principal circle divides R into two parts which may or 
may not be connected with one another along the principal 
circle. 

We shall designate by Ry the part of R lying within the principal 
circle, by Ro’ the part of R lying without the principal cirele. 

Ro‘ is the inverse of Ry in the principal circle; its sides and 
vertices are the inverses of the sides and vertices of Ry. The 
sides which bound R,' lie on the same isometric circles as the 
sides which bound Ry». Corresponding sides are connected by 
the same transformations. 

Let a transformation of the group be made. Jp is carried 
into a region in the interior of the principal circle and Ko’ into 
a region on the exterior. As a censequence of Theorem 10, 
See. 5, we can state that the two transformed regions are inverse 
with respect to the principal circle. 

It follows from the preceding remarks that, in a study of the 
fundamental region, of its sides and vertices, of its congruent 
regions, and the like, it will suffice to study the region 2» within 
the principal circle, An inversion in the principal circle will 
then furnish the corresponding results for Ro’. We shall, 
therefore, limit our study to Ao. 
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TueoreM 5.—The region Ro iz simply connected. 

It is clear that the region Ao is connected. A straight line 
segment from the center of the principal circle to any point 
of Ro lies entirely within Ry. Thus any two points of Ry can be 
joined by a curve lying in 2; for example, by combining the line 
segments joining each to the center. 

Ry is simply connected if any closed curve in Ry can be shrunk 
continuously to an interior point without crossing the boundary. 
This can be done by the simple process of moving the points of 
the curve continuously along radii to the center. 

The main facts concerning the sides of Ry are summarized 
in the following theorem: 

THEOREM 6.—The sides of Ro are circular arcs orthogonal to the 
principal circle. These arcs are congruent in pairs. Two con- 
gruent sides are equal in length and congruent points thereon are 
equidistant from the center of the principal circle. 

That the sides are orthogonal to the principal circle follows 
from Theorem 1. That the sides are arranged in congruent 
pairs which are equal in length follows from the fact (Sec. 21, 
Theorem 10) that the sides of R are so arranged, A side of Ry 
is @ side, or a portion of a side, of #, and is equal in length to its 
congruent side. This congruent arc lies also within the principal 
circle and is a side of Ro. 

That congruent points on two congrucnt sides of RR, are 
equidistant from the center of the principal circle is a conse- 
quence of Theorem 21, Sec. 11. 

Attention should be called to the fact that an arc of the 
principal circle along which FR, and Ry’ are adjacent is not 
considered as a side of Ry. The term “side”’ is here limited to 
ares of isometric circles. 

THEOREM 7.—Any closed region lying entirely within the principal 
circle is covered by a finile number of transforms of Ry. These 
regions fit together without lacune. 

This theorem follows from the fact that a region of the kind 
specified is covered without lacunm by a finite number of trans- 
forms of & (Sec. 20, Theorem 8) and from the further fact that, 
R», contains all the points of R whose transforms lie within the 
principal cirele. 

THroreM 8.—The transforms of Ry fill up, without lacune, 
the whole interior of the principal circle. They cluster tn infinite 
number about each limit point of the group. 
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The first part of this theorem is a consequence of Theorem 7. 
A cirele Q concentric with the principal circle and of smaller 
radius is covered by Ay and a finite number of regions congruent to 
R,. By taking the radius of Q near enough to that of the princi- 
pal circle we can enclose in Q any given point interior to the 
principal circle.. It follows that the interior of the principal circle 
is completely covered. The second part of the theorem follows 
from Theorem 9, See. 20. 

THEOREM 9.--An interior point of Re is nearer the center of the 
principal circle than any point congruent to it. 

An interior point of Ry is outside the isometric circle of any 
transformation by which it is carried into a congruent point. 
The theorem then follows from Theorem 21, See. 11. 

32. Generating Transformations. 

TuHeoreM 10.—The transformations by which the sides of Ro are 
congruent form a set of generating transformations for the group. 

If the Fuchsian group is of the first kind, the theorem follows 
directly from Theorem 19, Sec. 28; for Ry is that part of FR lying 
in the interior of the principal cirele, which may be taken as the 
region = of Sec. 28. If the group is of the second kind, ¥ con- 
sists of all ordinary points in the plane, and the fundamental 
region of that theorem is # itself. But the sides of R which 
lie outside the principal circle are congruent by the same trans- 
formations that connect the sides of Ry and so supply no new 
generating transformations. 


Let Q be a circle lying within and concentric with the principal circle, and 
let us consider the network of regions by which @ is covered. We shall 
prove the following theorem: 

THeoreM 11.—A circle Q concentric with the principal circle and of amaller 
radius is completely covered by Ry, and by regions ichich are congruent to Ro by 
transformations formed by combining those generating transformations which 
connect sides af Fy lying wholly or in part tn Q. 

The network of regions covering Q is found by adjoining regions congrucnt 
to Ra along the sides of Ro lying in Q, adjoining regions slong such sides of 
these transformed regions as lie in Q, and so on (See. 23). In this process, 
we employ only those generating transformations connecting sides of Rs 
which lie in Q@ or are congruent to sides lying in Q. For examplhe, if one of 
these regions, 7'(J?,), has a side ! in Q which is congruent to fp of Ry, then 
TT (Ky) is the region adjacent to 7'(2,) along i. Hence, at each step we 
introduce only the generating transformations stated. 

Now, when /t, is carried into a congruent region, the distance of an interior 
point from the center of the principal circle is increased (Theorem 9); hence, 
the distance of a boundary peint is not decreased. Then all transforms 
of all sides of Ry which lie outside Q are themselves outside Q; and the 
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transformations connecting these sides play no part in the formation of the 
network. This establishes the theorern, 

THeore™ 12.—Let S be « transformation of the group; let P be the port on 
the isometric cirele of S which ts nearest the center of the principal circle; and lef 
Q be the circle through P concentric with the principal cirele. Then S can be 
expressed as a combination of those generating transformations iwhich connee! 
sides of Ro whick have at least one interior or end point within ar on Q. 

The theorem is so worded as to include not only sides Lying wholly or in 
part in Q but also sides which touch Q or have an end point lying on Q, 
Since there is but a finite number of sides in the neighborhood of Q we can 
draw a slightly larger circle Q’, concentric with Q, which contains no new 
sides of Ry. Q' contains P on J, and the congruent point /” on J,’, since P’ 
and P are equidistant from the center of the principal cirele. 

It follows from the preceding theorem that (' is completely covered by Ry 
and the regions congruent to Ry by transformations of the kind mentioned in 
the present theorem. These regions cover the neighborhoods of P and P’, 
5 carries interior points of a region 7's) in the neighborhood of P into 
interior points of some region 7'(#,) in the neighborhood of P', where both 
T and T' are combinations of generating transformations of the kind specified 
in the theorem. Then ST7(R») and T'(2o) overlap, whence (Theorem 1, 
Sec. 16) ST = T; and § = 77". This is a combination of the kind 
required; and the theorem is established. 


33. The Cycles.—Let A;, Az, ... Aw be the vertices of an 
ordinary cycle of R, arranged in order as in Sec. 26. Then A, 
and A,.,; are congruent points at the ends of congruent sides 
ii, 14 of R. We need consider only vertices of Ry, those of Ry’ 
being got by an inversion. It follows from Theorem 6 that A; 
and A,,., are equidistant from the center of the principal circle. 

The congruent points of a parabolic cycle are limit points and 
lie on the principal circle. We have, then, the following theorem: 

THEoreM 13.—The congruent vertices of an ordinary cycle lie on 
a circle concentric unth the principal circle. The points of a 
parabolzc cycle He on the principal circle, 

There arises the question whether there can be an ordinary 
eycle with vertices lying on the principal circle. Such cycles do 
exist for certain groups. Two isometric circles which meet on 
the principal circle, being both orthogonal to the principal circle, 
are tangent. Hence, the angle at each vertex is cither 0 or 7. 

In Fig. 24 is shown the region & for a combination group 
arising from two hyperbolic cyclic groups. Two of the circles 
are made tangent. The order of the sides and vertices, accord- 
ing to the scheme of Sec. 26 is indicated. The congruent 
vertices are in order A,, As, A;(=A),), Ay, 
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This situation can arise only if the sum of the angles of the 
cycle is 2r. Otherwise, the transformation S = Tn Pak Ti. 
which carries A, into itself, is an elliptic transformation and 
(Sec. 29 (b)) the fixed point A, does not lie on the principal circle. 
In the figure, the angles at A, and A, are each + and those at 
A, and Ag are zero. 


The evele in this problem is not an essential one and we can remove it 
entirely if we wish, We can replace any part of & by a congruent part and 
still have a fundamental region. Let the sides t_, and l, be slightly deformed 
in the neighborhood of A; so that A, becomes an interior point. The part of 
R which is removed in the neighborhood of A: can be replaced by the con- 
gruent part lying within J,’ in the neighborhood of A,, Then, !,and/_:are 
displaced slightly to the right and the sides no longer touch. 





It is not difficult to see that this can be done in the tnost general case, 
In such a eyele, two of the vertices, as As and Ax, have the angle x, and a 
fnite number have the angle zero. By deforming the sides at one of the 
former vertices we can remove one of the points of tangency. By deforming 
the sides which now meet at the latter point we remove another point of 
tangency. By successive steps we can remove the remainder. 


34, Fuchsian Groups of the First and Second Kinds.— Whether 
a Fuchsian group is of the first or the second kind (See. 30) 
depends upon the region R, as stated in the following theorem : 

TuEeorem 14.—If R contains on its interior a point of the prinet- 
pal circle, the group is of the second kind; of not, wt ts of the first 
kind, 

The first part of the theorem is evident. If a point of the 
principal circle is on the interior of R, it is an ordinary point. 
Not all points of the principal circle are limit points; and the 
group is of the second kind. . 

To complete the proof we show that if the group is of the 
second kind, R contains a point of the principal circle on its 
interior. Let zo be an ordinary point on the principal circle. 
Then a cirele Q can be drawn about z such that all points within 
and on Q can be covered by a finite number of transforms 








74 PUCHSIAN GROUPS [Smec. 34 


of & (Theorem 8, Sec. 20), Ri, ..., Rn, say. Each of these 
regions has a finite number of sides lying in Q. For, an infinite 
number of sides would have a cluster point in or on Q ; and this 
cluster point, being the transform of a point of R at which infinitely 
many isometric circles cluster, would itself be a limit point, which 
is impossible. Further, the sides of these regions, being congru- 
ent to the sides of R, are orthogonal to the principal circle. Let 
k be the are of the principal circle lying in Q. Then, with the 
exception of the finite number of points where the sides of Ri, 
fy, . . . R, meet the principal circle, cach point of A is interior 


Fig, 25. Wig. 26, 

to one of the regions. Let z, be a point of & interior to Ry. 
Making the transformation which carrics Ry into R, 2, is carried 
into a point which is interior to R and which lies on the principal 
circle. The existence of this point establishes the theorem. 

lf # contains a point of the principal cirele on its interior, it 
contains all points of an are of the principal circle passing through 
the point. In the group of the second kind, then, R contains 
one or more arcs of the principal circle on its interior. The two 
regions Ay) and Fo’ abut along these arcs. 

The region Ro for the two types of groups has the character 





illustrated in the accompanying figures. In the group of the 
first kind (Fig. 25) Ro either lies, together with its boundary, 
within the principal circle; or, if there are points of the boundary 
of # on the principal circle they are limit points of the group with 
sides of Ry in the neighborhood. In the group of the second kind 
(Fig. 26) Ro abuts on the principal circle along one or more ares, 
and /? contains these arcs on its interior. 


THEOREM 15.—Rp constitutes a fundamental region for the 
Fuchsian group of the first kind. 
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This theorem is a consequence of Theorem 18, Sec. 28. belay 

TuroremM 16.—If the boundary of Ro hes within the principal 
circle, or if the only boundary points on the principal circle are 
parabolic points, then Ro has a finite number of sides. The group 
is then generated by a finite number of transformations. Sw: 

If the only boundary points of Ry which lie on the principal 
cirele are parabolic points, the same is true of the boundary 
points of Ry’. The first part of the theorem then follows from 
Theorem 17, Sec. 27. The latter is then a consequence of 
Theorem 10. hee 

In our later work, particularly in the study of uniformization, 
we shall come upon Fuchsian groups of the first kind where the 
fundamental region is found in quite other ways than that 
employed here. We shall give now some theorems concerning 

fundamental regions. 
a 17.—If a Fuchsian group possesses a fundamental 
region F whose transforms cover the neighborhood of each of its 
boundary points and which lies within a ctrele Q concentric with the 
principal circle and of smaller radius, then Ro lies within Q. 

A finite number of transforms of Ry cover F completely. 
When we carry the portion of F in each region Rs into Ro by 
means of the transformation which carries Ry into Ho these 
transformed parts of F fill Ro completely without lacune, as 
shown in the proof of Theorem 20, Sec. 28. Then, Ro is in Q; 
for on transforming the parts of F into congruent parts in Ro the 
distance of no point from the center of the principal circle is 
ased (Theorem 9). 
eternal 18.—The transforms of F fill up, without overlapping 
and without lacune, the whole interior of the principal circle. 

The transforms of F cover Ry completely. The transforms of 
F, then, cover all transforms of Ro. These fill up the interior of 
the principal circle, There can be no overlapping of the trans- 
forms of F since no two points of F are congruent. oe 

Turorem 19.—Of the fundamental regions lying within the 

nck ircle, Ry has the mazimum area. 
om abr ella different from J is formed by replacing 
parts of Ro by congruent parts. Since Ay is exterior to all iso- 
metric circles, a shift of any part of Ao to a congruent position 

diminution of area. 
pacieielr Points at Infinity. Extension of the Method.—If a 
transformation has a fixed point at infinity, either there is no 
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isometric circle or all circles are isometric. In the study of a 
group, we have supposed hitherto that it has been so transformed 
that there are no transformations with » asa fixed point. This 
involves, of course, no loss of generality. There is, however, 
sometimes a distinct loss of simplicity in the definition of the 
group. In the present section, we shall diseuss briefly the forma- 
tion of the fundamental region for a properly discontinuous group 
certain of whose transformations have fixed points at infinity. 

THEOREM 20,—AIl the transformations of a given group which leave 
come configuration unaltered constitute a subgroup of the given group. 

For, the suecession of two transformations which leave the 
configuration unaltered and also the inverse of any, leave the 
configuration unaltered, and they belong to the given group. 

Taking the point at infinity as the configuration of the theorem, 
we have the following corollary: 

CoroLtuary.—aAll those transformations of a given group which 
leave the point al infinily fixed constitute a subgroup of the given 
group, 

fe shall represent by Up{=1), Ui, Us, .. . the transforma- 
tions with © as fixed point and shall call the subgroup which 
they form T,. 

All transformations other than those of I’, possess isometric 
circles. It is no longer necessarily true that the radii of these 
circles are bounded, that their centers lie in a finite region, or that 
the centers are distinct. Concerning these isometric cireles we 
shall prove the following theorem: 

THEOREM 21.—A transformation of the group T, carries an 
isometric circle into an isometric circle. 

Let J, be the isometric circle of 7’, and let a transformation L’ 
be applied. We shall show that U'(/,) is the isometric circle of 
the transformation S = UTU-. U has the form 


2’ = U(z) = Kz + 6, 


where A is the multiplier, as we found in Secs. 6 and 10, Equa- 
tions (31) and (39°). Since U‘(z) = K, the transformation 
multiplies all lengths by |K|; the transformation U~! multiplies 
all lengths by 1/|K|. 

Let P be a point on the circle U(/,) and let P be transformed by 
S. U- carries P to P’, a point on J,, lengths in the neighborhood 
being multiplied by 1/|K|. T carries P’ into P” without altera- 
tion of lengths. UU multiplies lengths in the neighborhood of P” 
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by |K|. The result is that UTU~ has not altered lengths in the 
neighborhood of P; hence P is on the isometric circle of I,. 

Let us now construct a fundamental region # for the subgroup 
r.. The existence of F follows (after a preliminary transforma- 
tion of the group I’,) from the general theory of the preceding 
chapter—sides congruent in pairs, ordinary vertices arranged 
in cycles, ete. In many eases, however, as in Figs. 11 to 14, 
we know a fundamental region already, and we do not need 
to employ the general theory. 

The principal theorem of the present section will now be proved. 

THEOREM 22.—Let F be a fundamental region for the subgroup 
[',, where the sides of F are congruent in pairs and the transforms 
of F cover the finite plane,' and let R consist of all that part of F 
which is exterior to all isometric circles of the group. Then Risa 
fundamental region for the group. 

A transformation of T, carries a point of R into a point of a 
region congruent to F and hence outside R. Any other trans- 
formation of the group carries a point of R into the interior of 
an isometric circle and hence outside R. So no two points of A 
are congruent, 

On the assumption that the sides of F are congruent in pairs, the 
sides of R are congruent in pairs. That part of a side of F which 
is exterior to all isometric circles, and so is also a side of R, 1s, 
from Theorem 21, congruent to a side which is also exterior to all 
isometric circles. An ordinary boundary point P of F lying on 
an isometric circle J, is carried by T into a point P' on J,’. We 
ean show in the usual way that P’ is interior to no isometric 
circle. If P’ lies in F, it isa boundary point of R; if not, it lies 
ina congruent region U(F’), and the congruent point P" = U-\(P") 
lies in F and isa boundary point of R. It follows that the sides 
of R which lie on isometric circles are congruent in pairs. 

A region about a boundary point of # on a side /; contains points 
congruent to points of F in the neighborhood of the congruent 
side I_,; the neighborhood of a limit point contains points con- 
gruent to points of R by Theorem 2, Sec. 18. Hence, # is & 
fundamental region. 

The further properties of R, such as the arrangement of the 
vertices in cycles, the theorems on the generating transformations, 

1 The fundamental regions of Figs. 11 to 14 have these properties. That 


the most general subgroup Ty has » fundamental region whose transforms 
cover the whole finite plane will appear in Chap. VI. 
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and the like, are established as in our previous treatment, and 
will not be repeated here. 

36. Examples. T'he Group of the Anharmonic Ralios-—This 
group (Sec. 13 (2}) contains, in addition to the identical trans- 
formation, the following transformations: 











U} = 1 —z, Pp =, T, = J ? 
z 1—2z 

z-—1 z 

T= = a Gasbnstio ( 


Here U is a rotation through the angle x about the point }4. 
A fundamental region for the subgroup T, is the half plane 
bounded by any straight line through }4; for instance, the upper 
half plane. 

The isometric circles of the remaining transformations are 


I, 73: |z| = 1; Ty, 7,4: |g — 1| = 1. 


Fic. 27. Fig. 28. 


We have, then, as a fundamental region # for the group that 
part of the upper half plane lying outside these cireles (Fig. 27). 
The rectilinear sides of R are congruent by U, the circular 
sides by 7. U and 7; are then generating transformations. 
From the two cycles of angles 27/3 and x, we have the relations 
T;* =] and (UT's)* =], 
A Group with Qo as Principal Circle —As a further example, 
we shall consider the group mentioned in Sec, 15 (7): 
,  a2z+é 
~ +a 
where a and c are complex integers. This is a@ Fuchsian group 
with Qo as principal circle. 
When c = 0, we have, a@ = 1; whence, a = +1lor +7. This 
gives for I, the two transtormations, 





2 ail — cf = 1, 


3’ = 2, z = U(z)= ar = —zZ, 
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U is a rotation about the origin through the angle x. A funda- 
mental region for I, is the half plane above the real axis. 

Among the remaining transformations, consider, first, those 
with the largest isometric circles. The smallest absolute value 
of c occurs when c = +1 or +%. Then ad = 1 + cé = 2; and 
a = +1+%. This gives for the center —d@/c the possible 
positions 1+7, 1—?% —1+%, —1—72. Only two circles 
with these centers and of unit radius lie in the upper half plane. 
They are the isometric circles of 

T = (G+ ve +1 
z+-1—t 
and its inverse. They are shown in Fig. 28. 

We shall now show that each other isometric cirele in the 
upper half plane is contained in one of these. Each such circle 
is orthogonal to Qs» and of radius less than 1. Unless it lies 
within or is tangent internally to one of the two circles already 
drawn, it must contain one of the points +1 or ¢ on its interior. 
Its isometric circle is 

lez + a] = I, le| > 1. 
If one of the three points lies within this circle, we have 
jte+al <1, or jie +a] < 1. 
Since the term whose absolute value appears in the first member 
is an integer, its absolute value can be less than 1 only if it is 
zero. Then |e] = lal, and a@ — cé = 0, which is impossible. 

R, then, is that part of the upper half plane which is exterior 
to the two circles of Fig, 28. #& contains no points of Qs; so 
the group is of the first kind, All points of Qo are limit points. 
R consists of two parts: Ro within Qo, and Ry’, the inverse of 
Ry in Qs. The transforms of Ro fill up the whole interior of ()y. 
U and T are generating transformations. 

There are three cycles. The origin constitutes an ordinary 
cycle of angle *, whence U? = 1. The point ¢ constitutes a 
parabolie cycle. The points 1 and —1 form a second parabolic 
cycle, 

"37, The Modular Group.—This group (Sec. 13 (5)) consists 
of the transformations 
,  ae+b 

" CEP 
where a, b, c, d, are real integers. The real axis is a fixed circle. 
Whether the upper half plane is carried into itself or into the 


z 


ad — be = 1, 
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lower half plane can be determined from a consideration of one 
point. When z = 7, we find 2’ = fac + bd + (ad — be)i]/(e? + 
d*). The imaginary part of this quantity is positive; so 2’ is 
also in the upper half plane. The group is thus a Fuchsian 
group. 

When ¢ = 0, we have ad=1. Then a =d= +1, and b 
can have any integral value. This gives for the subgroup I, 
(Sec. 35) the set of transformations 


2=2+ nH, 





Fig. 2%. 


where n is any integer. This is the group of translations whose 
fundamental region-——setting » = I—is shown in Fig. 12. We 
shall take as fundamental region the strip enclosed by lines 
perpendicular to the real axis through the points +34. The 
subgroup is generated by the transformation 


z= U(z) =2z+1. 


Consider the largest isometric circles. If c = +1, we have 
ad +b=1. For any integral value of a and d, we can deter- 
mine from this equation an integral value of 6. It follows that 
the center, +d, of the isometric circle |+z + d| = 1 can be any 
integer. These circles, then, are the unit circles with centers 
at the real integers. They are the large circles in Fig. 29. 

These isometric cireles cnelose all points within a distance of 
14/3 of the real axis. For any other transformation |cl > 2; 
and the isometric circle is of radius not exceeding 44. As the 
center is on the real axis, such a circle lies in the space enclosed 
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by the unit isometric circles. These smaller circles, then, can 
form no part of the boundary of Ff. 

The region R, lying in the period strip previously selected 
and exterior to the isometric circles, is bounded by the unit 
circle with center at the origin. It consists of the region Ko 
shown in the figure together with the reflection of Ro in the real 
axis, ‘The circular boundary of Ro consists of two sides f; and 
l_: which are congruent by 


an elliptic transformation with fixed points +7. U and T are 
generating transformations for the group. 

There are three cycles. The point at infinity, to which 
Ry extends, is a parabolic point and constitutes a cycle. The 
point ¢ constitutes a cycle of angle +; whence 7? = 1. The 
remaining two vertices, namely, +46 + 1g4/3i, constitute 2 
eyele of angle 27/3. 

‘To get the relation connecting U and T which arises from 
the last cycle, we proceed as in Sec. 26. Starting from the 
right-hand vertex and the side /_, beginning there, we get the 
transformation U-! then T before returning. Then, 


l 
cY re j—1 = ahs Leni 5 F- 
S = TL 4 
is a transforms of period three which carries the right-hand 
vertex into itself. The desired relation is S? = 1 or TU'TU™' 
TU~!.« 1. This can also be written, if we take the inverse 
and use the fact that 7J'-' = T, in the form 


UTUTUT = 1. 


The transforms of R, cover the whole upper half plane. A 
number of the regions congruent to 2, are shown drawn to acale 
in the figure. The regions cluster in infinite number about each 
point of the real axis. 

38. Some Subgroups of the Modular Group.—As a further 
exemplification of the method of forming the fundamental region, 
we shall now consider a particular set of the great variety of 
subgroups contained within he modular group. Let nm be an 
integer greater than 1, and consider all those transformations of 
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the modular group for which b and ¢ are divisible by n. We then 
have all transformations of the form 


_ a + nb! 
~ ne'z + d’ 
where a, 6’, ce’, d are real integers. 
We prove first that these transformations form a group. 
The inverse, T-! = (—dz + nb')/(ne’z — a) is of the same form. 
Let S = (az + np')/(ny’z + 6) be a second transformation of the 
set, then. 


ad — n*b'c’ = 1, 


sr = (a + n's’c’}z + n(ab! + 8'd) 
n(y'a + be')z + n*y'b’ + ba 
Since n(ab’ + 8’d) and n(y'a + dc’) are divisible by n, this 
belongs to the set. Thus both group propertics are satisfied. 











U 
> 
Ro 
—al 
“] 0 1 
Pre, 30. Fig, 31. 


Setting c' = 0, we get for the group I’, the set of transformations 
U ns =i-+ min, 
where m is any integer. TI, is generated by U = z+ n. 

In the accompanying figures, fundamental regions for two 
cases are shown. The reasoning follows the lines of the preceding 
sections and is left to the reader. 

Figure 30 shows R, for the case n = 2, The group is generated 
by the two transformations 

UG mst 9 ma biisabl |) 
is sa Deca 
There are three parabolic cycles. 


Figure 31 is for the case n = 3. The generating transforma- 


tions are 

Thee oo) ane Ae aka ails ey en 
t 3, 82-1 sh 32 — 2 Ms 32 + 2 

There are four parabolic cycles and one ordinary cycle of angle 2x. 








CHAPTER IV 
AUTOMORPHIC FUNCTIONS 


39. The Concept of the Automorphic Function.—Automorphic 
functions are the generalization of the circular, hyperbolic, 
elliptic, and certain other functions of elementary analysis, A 
circular function, as sin z, has the property that it is unchanged 
in value if z is replaced by z + 2mx, where m is any integer; 
that is, the function is unaltered in value if z be subjected to 
a transformation of the group 2’ = z+ 2mmr. A hyperbolic 
function, such as sinh 2, is unchanged in value if 2 be subjected to 
a transformation of the group z’ = z+ 2mmi. An elliptic func- 
tion, as the Weierstrassian function $(z), retains its value 
under transformations of a group of the form 2° = z + me + m'w’. 

The automorphic function is an extension of this concept 
to the more general properly discontinuous group. Roughly 
speaking, a function is automorphic with respect to such a group 
if it has the same value at congruent points. We shall lay downa 
more precise definition. 

By the domain of existence of a single-valued analytic function 
f(z) we shall mean the set of points at which f(z) is analytic or 
has poles. The domain of existence is a connected region con- 
sisting entirely of interior points,—a two dimensional continuum. 

Derinition.—A function f(z) will be said to be automorphic with 
respect to a group of linear transformations T;, Ty, . . . provided 

1. f(z) is a single-valued analytic function. 

2. If z lies in the domain of existence of f(z) so also shall T',(z2). 

3. f[T.(z)] = fiz). 

Because of the first condition, the functions here defined 
might more properly be called “‘single-valued”’ automorphic 
functions. There exist many-valued analytic functions satisfy- 
ing conditions (2) and (3). But we shall be concerned altogether 
with single-valued functions; and to avoid repeatedly calling 
attention to this fact we shall make single-valuedness a part of 
the definition, 
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We note that there are no functions, other than constants, 
which are automorphic, xecording to thie definition, with mepect 
to a continuous or an improperly discontinuous group. For, let 
F{z) be such a function and let 2» be a point at which the function 
is analytic. There are infnitely many pointa in the neighbor- 
hood of 2 which are congruent to 2. At each of these points 
Fiz) = F(z), Tt is a well-known fact that a function can take 
on the same value at an infinite number of points in the neighbor- 
hood of a point at which it is analytic only if it ts constant. 

It ts observed from thr definition, that if f(z) is automorphic 
with respect to a group it is automorphic with respect to any 
subgroup. 

In showing that a funetion is automorphic with mspect to a 
group, it is not necessary to investigate conditions (2) and (3) 
for all paints of the domain of existence of the function nor for 
all transformations of the group, As the following theorems 
show, it suffices to establish the conditions for some amnall region 
and for the generating transformations of the group. 

Thrones 1.—Let fiz) be a simgle-valued function analytic al zp. 
Let T(2,), where T is a linear anaformation, lie tr the domain of 
existence of the function; and let 

F(T {z}] = flz) (1) 
be calid in the neighborhowl of cy, Then, if 2 is any pont in the 
domain of existence of the function, so also ix T'(z), and (1) halde 
throughout the whole domain of eriatence, 

The transformation T' carries the domain of existence of f(z) info 
itself, 

This theorem is un immediate consequence of the principle 
of analytic continuation. The two functions of z that appear in 
(1) are identical in a region surrounding 2); they arc, therefore, 
identical in any region to which elther can be continued analyti- 
cally, Let 2, be a point at which fle) is analytic Then fic) 
can be continued anulytically from 2, throughout a suitable 
region 8 surrounding 2, Then in S f(T {z)) is analytic and (1) 
holds. That is, fiz) is analytic in the neighborhood of z,’ = 
P(e) and f(z’) = flex). 

In the neighborhood of a pole zs, fiz) is analytic and fiz) 
becomes infinite as z approaches z Then fiz) is analytic in the 
neighborhood of zs = T(z) and becomes infinite as 2," is 
approached. 
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T carries any point of the domain of existence of fiz) into 
another such point. The same ia true of T!; since f[T-(e2)] = 
fiz) bolds in the neighborhood of 2,’ = Té2,). Then 7 carries 
no point without the domain of existence into the domain. 
Hence, 7’ carries the domain of existence into itself, 

Trronem 2—If f(z) is a stngle-valeed analytic function and if 


SITE] = fe), AAT fe, 
then f(z) is aufomorphic with respect! to the group generated by 


Fiera biels 

Lack transformation of the group carries the domain of existence 
of J(z) into ilecif. 

The group is formed by sunstructing all possible products by 
means of 7, 7';,.. , and their inversss. It i« clear that fiz) 
is unaltered when z¢ is replaced by 7,~ {2}, Tyf2), . . . Since 
any product can be formed by repeatedly combining transforma- 
tions two at a time it suffices, to prove the first part of the 
theorem, to point out that if f{S(z)) = fiz), f[(T{z)] = fz), then 
S{ST {=| = fiz). But if z is in the domain of exiatence of the 
function so is T(z), and hence ST(z), and we have f[ST(z)] = 
f(T (2)} & f(z). 

The latter part of the theorem is an application of the latter 
part of Theorern 1. 

Consider, as an example, the function cos z, We have coe 
(2 ++ 25) cos z and cos (~2} @ cos z. Then oos 2 is auto- 
ee with respect to the group generated by 2 = 2 + 2r 
and 2’ = —3z. 

“The existence of & non-constant single-valued analytic function 
which ia unaltered when a set of linear transformations is applied 
to the independent variable is sufficient to show that the group 
generated by the transformations is properly discontinuous. 
Thus, the group mentioned in the preceding paragraph is 
hecexarily properly discontinuous, 

THEOREM 3.—The domain of existence of an automorphic 
function e¢xlends into the neighborhood of esery Limit point of 
the group. 

For, in the neighborhood of a limit point lie points congruent 
to points in the domain of existenor of the function. These 
pointe belong to the domain of exiatence of the function. 

THEOREM 4.—/f the automorphic function tz not a conelant, cack 
ferme’ point af the group 2 an eseential singulerily of the function. 
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In the neighborhood of a point at which a function is analytic 
or bas a pole, the function can take on any ¥aslue only a finite 
number of times. In the ocighborhood of « limit polot there is 
an infinite number of congruent points at which the function 
takes on the same value. Henes, the limit point is an essential 
eingularity. 

CoroLLarny.—All potnts of the domain of existence of a non- 
constant automorphic function are ordinary points. 

It is not true, of course, that all points on the boundary of the 
domain of existence of the function are neeessarily limit points. 
The limit points lic on the boundary of the domain, but there 
may Be further boundary points. For example, the function 
e¥®@) is automorphic with reepect to the group 2° = z+ we + 
mo’. Its domain of existence consists of all points except the 
point «© (the only limit point) and the points mu > mw". At 
these latter points Y{z) has poles and the function has essential 
singularities, 

It results from the preceding discussion that not all properly 
discontinuous groups have non-constant automorphic functions. 

Tuxonxm 5.—If @ group possesses a non-constant automorphic 
Sunetion, il 22 a function group. 

Leta group have a non-constant automorphic function exiating 
ina domain S. Let © be the part of the plane, bounded by 
limit points, in which $ lies. 2 consists of all ordinary points 
which can be joined to a point of & by curves not passing through 
limit pointe. Any point 2 of = and a curve C joining it to a 
paint of S are carried by any transformation T of the group into 
& point 2’ and a curve €" joining z’ to a point of S, where C’ 
conmsts of.ordinary points. Then 2° belongs to ¥; whene: ¥ 
ia carried inte itself. The group la, therefore, a function group. 

We shall find in the following chapter that every function 
group possrases non-constant automorphic functions. 

40. Simple Automorphic Functions.—In the present chapter, 
and in our later work, we shall have much to do with automorphic 
functions of a somewhat restricted kind, We shall impose 
restrictions both on the character of the function and on the group 
with respect to which it is automorphic. 

Let f(z) have no essential singularity at an ordinary point of 
the group. ‘Then the domain of existence of the function, pro- 
vitied it is not & constant, is one of the regions © into which the 
limit points of the group separate the plane. 
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That part Ro of R which lies in = is a fundamental region for 
the group. We shall require that My have a« finite number of 
sides. 

If Ry pocsecses one or more parabolic points we shall impose a 
further condition on the function. As z approaches a parabolic 
point P fram the region Ry ket the function approach a definite 
value, finite or infinite; that is, 

lim f(z) = C, or ©, 


where z is restricted, in ils appronch, to lic within or on the 


boundary of Ry! 
To aveid long cireumiocutions in the statement of theorems 


we shall call such a function a “simple automorphic function.” 
A simple automorphic function then (1) belongs to a function 
group such that Ae has a finite number of sidee; (2) bas the 
domain of existence Z, provided it is non-constant; and (3) 
behaves in the manner specified at the parabolic points, if any. 

If the group is finite, = consists of the whole plane. The 
simple automorphic function, then, has no other singularities 
than poles and is, therefore, a mtional function, 

If the group is Fuchslan, the simple automerphic function is 
called a “Fuchsian function.” If the group is of the first kind, 
the domain of existence of the function, if not constant, is the 
interior or the exterior of the principal cirele. If the group is of 
the second kind, the domain of existence consists of the whole 
plane exclusion of the limit pointe lying on the principal circle, 

If the group is Kirinian, the simple automorphic function is 
called a “ Kbeinian function.” 

Katension of the Definition-If fiz) ia a simple automorphic 
function belonging to a group 7',, we shall define 

¥(z) = flS()], 
where S is a linear transformation to be a simple automorphic 
function belonging to the transformed group S-'T,S, It & 
clearly automorphic; for 

HS TS(z)] = fSS'*T.S(z)] = fT. SG) = flS{(z)) = ¥(2). 
Ifere fz) has the domain of existence S™'(D), where ZT is the 
domain of existence of fiz); and S~*( Re} is a fundamental region 
with a finite number of sides for the transformed group. 

‘Tf P counts as two parabolic pointe of the region, aa in Pig. 19, the 


approach shall be from one side only. There shall be a limit when the 
appeooch is from either side, but the two limits may be different. 
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by this means we extend the definithen to groups with fised 
points or limit points at infinity. Such a group can be repre- 
sented in infinitely many ways 48 the transform of a group with 
infinity asa non-fixed ordinary point, ‘The propositions derived in 
thie chapter—on zeros, poles, algebrnic relations, ete.—hold for 
the fundamental mgion S~'(fo) when the group ix transformed. 

Also, for many of Uke commoner groups we know already 
fundamental regions, not based on isometric circles, to which 
the proofs of the following theorems apply (Figs. 11 to 4, for 
example). Inthe general case, however, we fall back on the region 
Hs, for the reason that the properties of A have been established 
with complete generality. 

A familiar example of a elmple automorphic function is the 
Weierstrassian Y-function. Here the domain of existences is 
the finite plane, the period parallelogram is a fundamental 
region, and there are no parabolic points. 

Likewise sin z is a aimple autemorphie function. The period 
strip is & fundamental region with parubulic points at the ends. 
We find readily that ain z appronches « as z approaches either 
end of the strip. 

41. Behavior at Vertices and Parabolic Points —O# the fixed 
points of the transformations of a group, only those belonging 
to elliptic transformations can lie within the domain in which 
the automorphic function is analytic or has poles: all other fixed 
points are limit paints, At a fixed point of an elliptic transfar- 
mation, the function must behave in a particular way, 

THEokes 6.—A won-constant awlomorphic function lakes on its 
valve k mes, or some multiple thereof, al a fred point of an elligric 
fransformation af period & within the domain of existence of the 
function. 

A function f(z) is suid to take on its value « times at a point 
#) at which it is analytic if it can be written, in the neighborhood 
of the point, in the form f(z) = fits) + (z — zo)vele) where gfz) 
is analytic at % and viz) #0. It takes on the value infinity 
# times if 1,/f{z) takes on the value zero ¢ times. If 2, = n, 
Zo £9 is replaced by 1/2. 

Let 2, be the fixed point of an elliptic transformation of 
period & We shall suppose that 25 is finite. Then there is a 
transformation S of the form 

2 oem on gore DES 


x — 2,’ z= 2," 
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where 2)’, the second fined point, is distinct. from z. Let fz) 
be analytic at zo; then we can write, for 2 in the neighbarkood 
of Zo, 
» = fizo) ele) = fize) +(2— $s) ¥lz) 
f(z) — Hao) +(e — t0l’ehe) = Seo) FL J Ve), 
where (2) = (2 — zo')"{z); 20 #2) is analytic at z and vito) 2 
Q. Uf zisin the neighborhood of 2 so also is 2 = Siz); s0 


fiz") = flea) + (F=5) se — fize} + (: =) elaine (at). 


— 2 “ 





Sines the function ix automorphic, f(z") = fiz), whence 

viz) 

wiz") 

The first member of this equation is constant; so, also, is the 
second, Letting z approach zo, 2° also approaches zp, and we 
have 


givers _ 


earn? ow I, 


It follows that «, which is a positive integer, is a multiple of &, 
which was to be proved. 

Lf fiz) has a pole at zp, 1/flz) is an automorphic funetion with 
a sero nt zy. The order of the zero is a multiple of &; hence, 
fiz) has a pole whose order is a multiple of &, 

The proof for the cnse that 2, — # is not essentially different. 

Trrxouxem 7.—A non-conaent aufomerphie function takes on ots 
value & mes, or some multiple thereaf, af a vertex belonging to a 
cycle the sum of whow angles ts 2r/h- 
"Tha is & pceran ang preceding theorem, If & > 1, the 
vertex ia @ fixed point of an elliptic transformation of period & 
(Sec, 26, Theorern 14); if & = 1, the proposition is trivial, 

Consider now the behaviour of a simple automorphia f unction 
ata parabolic point P. We can carry the congruent points of 
the cycle to P, the transforms of the fundamental region 
fitting together at P as in Fig. 23. Then f(z) approaches 4 
definite finite or infinite value as 2 approaches P from within 
the regions of that figure. For, fiz) approaches a limit, nat 
approaches P within or on the boundary of each region; and, 
owing to the common boundaries, the limits are equal. In other 
words, fiz) approaches the same valuc at all the points of the 
parabolic cyele, 
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As pointed out in Sec, 27, the transformation S which carries 
R of Pig. 23 into Ay, and the side (; into f’, is parabolie. S has 
the form (Sec, 10, Equation 37) 

1 l 
Lae eRe 

We shall investigate the function in the triangular region 
z2.P formed by ff, and a small cirele C through P orthogonal 
to the sides which meet at P (Fig. 32(4)). C isa fixed circle for 
S. By repeated applications of S, the transforms of the 
region mentioned fill up the circle C; and the valwes of f(z) repeat 
themselves in the transformed regions, 





(b) (¢) 
Pic, 32, 


We make the change of variable 


ie~7 greene ht 


thus mapping the region under consideration on the plane. 
We write this in the form 
= az — P)' (= of. 
The first transformation is linear, It carries P into @ and the 
circles into atraight lines Let Z, and Z,; be the transforms 
of z,ande:, We have 
2ri 
ote By 

Sees | SS : 
~ ees — PP” ¢ Fes © | hee 
The are 2,2: of C is transformed into a atraight line parallel to 
the imaginary axis (Fig. 32(6)). The sides Pz, and oP are 
carried into atraight lines perpendicular to Z,Zs, and, hence, 
parallel to the real axis. The triangle of (a) is mapped on the 


és 
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region bounded by the three lines of (4). Congruent points of !, 
and I are carricd into points in (6) which differ by 2z#, 

These istter points are carried into ooincident points by the 
transformation f= e. The side 2,24, la carried into a circle 
with eenter at the origin. The original circular arc triangle is 
thus mapped on a cirele slit along a radius, as in (c)- 

The function f(z) becomes a function of £, ft), analytic except 
for pokes within and on the boundary of the region in {c) except 
pawibly at 0. y(f) takes on the same value at & point on the 
radius along which the region is slit when approached from either 
side. This slit can be removed, the function being single-valoed, 
Since eff) approaches a finite value at 0 or becomes infinite, either 
it is analytic at 0, if properly defined there, or it has a pole at 0, 

We have established the following result: 

Turongs 8.-—Ala parabolic point a simple automorphic fenclion 
is a funchon of ¢ analytic or Aaving a pole at ¢ = 0, where 


fom eerie). 


lf P — «, S has the form 2 - - + ¢ and we pul ¢ = etrin'c 
in Theorem 8. 
In the neighborhood of 0, Fig. 20 (c), we can write 


fiz) = elt) — as + apt + ag? + ---, 
or 
fiz) — Mao + ag * --- 3, 


aceording ms f(z) approaches a finite value or becomes infinite as 
z approaches P. This expansion ix valid in a circle with 0 as 
center and passing through the nearest singularity of the fune- 
tion in the f&plane. Carrying this back to the z-plane, the 
expansion is valid within the circle C through the nearest pole or 
limit point. of f(z). 

42. The Poles and Zeros.—In counting the poles and zeros of a 
‘itnpk: automorphic function which lie in the fundamental 
region, certain conventions are necessary in the cases of poles or 
zeros Lying on the boundary. (1) Lf there is a pole or zero on the 
side {, there is a pole or zero at the congruent point on the side 
{., Only one of these shall be counted sa belonging to the 
region. (2) The order s of a pole or gro at a vertex shall be 
Piriitioned equally among the regions which meet there. If 
there are m vertices in the cycle and the sum of the angles at the 
vertices ia 2w/k, then km regions meet at cach vertex. Counting 
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‘kim poles or zeros at each vertex, we have s/h poles or zeros at. 
all the m vertices of the cycle. This number (Theorem 7) is an 
integer. (3) If f(z) becomes infinite or appronches zero at a 
parabolic point # we shall determine the number of poles or 
zeros from the behavior of eff) at the origin. The number of 
poles or zeros of ¢(f) at ¢ = 0 shall be the number of poles or poros 
of Jiz) in the parabolic points, taken all together, of the cycle 
to which P belongs. 

The number of times fiz) takes on any other value C shall be 
the number of times f(z} — C takes on the value zero. 

THEOREM 9.—A simple automorphic funetion whick ts not 
identically zere has an equal number of zeros and poles tn the funda- 
menial region. 

Cuppose, first, that the function hus neither poles nor zeros on 
the boundary. Then, 


l re 
¥— y= si fé log S{2), 


Woe 


(a) (&) (c) 
Fia. i. 
where WV is the number of zeros in the fundamental region, and M 
the number of poles, the integral being taken in a positive sense 
around the boundary. {If the region is multiply connected or 
disconnected, we integrate, of course, around the complete 
boundary.) 

Consider the parts of the integral arising from two congruent 
sides AB and CD (Fig. 33(a)): f- d log fiz) + [Td log f(2). 
At the congruent pointe z and 2’, we have f{2") = f(z}; then, log 
Siz’) and log fiz) differ at moet by a multiple of 277, and d log 
f(z) = 4 log fiz). The second integral can then be written 

a , 5 
J d log f(z); and the two integrals cancel. The integrals along 
each pair of congruent sides cancel, and we have N — M = 0, 
or V = M; which was to be proved. 


if there is a zero ar pole on the side AB, we deform thre side 
slightly, as in Fig. 33(6), 20 a8 to include the zero or poke, and 
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we make the corresponding alteration in the side CD, The 
integrals along the new congruent aides cancel as before. Only 
ome of the two acres or poles now livs within the contour, The 
theorem hokis as before, since but one of the pair should be 
counted as belonging to the region. 

Let fiz) have a zero of order ¢ ata vertex. We alter the path 
of integration to exclude cach vertex of the cyele as in Fig. 33(e), 
the points &,, Cy, being at a distance d from A,. The ports of 
the sides that remain are congruent in paire; and the integrals 
over these sides cancel as before. At A, we have fiz) = (2 — 
A,Velz), where of2) le analytic at A, and does not vanish there; 
and 
- g (zM2 


—_ = ‘ 
vl(tl 


ff ** d log {2} = 2 f ““dlog (2 — A.) + 15 


Letting ¢ approach zero, the last integral approaches zero, since 
the integrand remains finite and the length of the path of integra- 
tion approaches zero. The firet integral of the second member 
approaches ef —r4A), Summing for all the vertloes of the 
cycle, we have 


V— MN = a es, Be 


If the sum of the angles of the cycle is 27/4, we have 


f or NV + 


V—-Me- =, 


g 
ri M. 
Here, N is the number of zeros within the contour. As «/k is 
precisely the number of xeras which we are ta count at the ver- 
lines of the cycle, the number of zeros is equal to the number of 
pyres. 

A pole at & vertex is treated similarly, s being replaced by —s. 

Finally, let fiz) have a pole or xero at a parabolic point P. 
Draw a cirele C through P, as in Fig. 32, sufficiently small 
hat there are no poles or zeros other than at P within the region 
*,teF of that figure. The are z,2- cuts off from the regions that lic 
in 220 certain parts A;, As As, ... An. The congruent ports 
AV As’, ..., Aa‘ lying in the fundamental region make up the 
meighborhoods of the parabolic points of the evele, We shall 
remove these parts from the fundamental region and integrate 
around the contour of the remainder, The integrals over pairs of 
congruent sides cancel. The integrals over the circular ares 
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cutting off the parabolic points may be replaced by the integrals 
over the congruent ares on C: 


rene, re =, f ; d bog fle). 


This Jast integral may be replaced by 1/2rifd log off taken 
clockwise around the circle in Fig. 32(¢). This has the value 
—s if f(t) has a zero of order ¢ at £ = 0, and the value pif ¢{t} 
has a pole of order p there. Henee we have N +2 = M or 
N = M -+& p: and the theorem holds. 

By combinations of the preceeding methods of contour integra- 
tion we dispose of all cases in which there is o finite number of 
poles and geros on the boundary of the fundamental region. 
Now, f(z) cannot have an infinite number of poles for the poles 
would then bave a cluster point 2°. If z’ is an ordinary point, 
fiz) has an cseential singularity there; Lf 2° l2 a parabolic point, 
v(Q) has an essential singularity at the origin, both of which 
are contrary to bypothesia. Similarly f(z) cannot have an 
infinite number of seros unless it is identically zero, for a cluster 
point of zeros would be, likewise, an essential singularity, Hener, 
the theorem is establiched. 

THeonesx 10.—A simple automorphic function whick has to 
pales in the fundamental region ts a conelant. 

lat fiz) be a simple automorphic function having no poles 
in the fundamental region; and let its valor at 2, a point of 
the region, be C. Then f(z) —C ia asimple automorphic function 
with a xero at z and having no poles, ‘This is posible, aceord- 
ing to Theorem #, only if fiz} — C m= 0, or f(z) = C. 

THEOREM 11.—A einple aulomerphic function which is not a 
constant takes on esery value the same number af times ta the funda- 
mental region. 

If a simple automorphic function f{z) is not constant, it 
has a certain finite number of polez in the fundamental region. 
The function fiz) — C, where C is any constant, is a simple 
automorphic function with the same poles as f(z). The number 
of zeros is equal to the number of poles, That is, the number of 
times f{z) takes on the value C is equal to the number of poles 
af f(z), which establishes the theorem, 

43. Algebraic Relations.—As a consequence of the preceding 
results, the following important thearem can now be established. 
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Tueorem 12.-—Hetween too aimple automorphic functions 
belonging to the same group and having the same domain of existence, 
there exists on algebraic relation. 

Let fifz) and f,{2) be two such simple automorphic functions, 
with &, and ky poles, respectively, in the fundamental region, 
We are Lo show that there exiata a relation of the form 


(fs, fo)  Aifiefes + Asfirfe' + +) + Apetiyney =O, (2) 


where A;, Ay... are constants, the relation holding for all 
values of 2 in the domain of definition of the functions, Whsat- 
ever values be given to the constants, the function + is a simple 
automorphic function. The degrees of # in f, and fs, namely, 
m and 1, respectively, will be determined later, The oumber of 
poles of @ is not greater than méy + mis. 

The most general polynomial of degree m tn f, and » in f, 
contains (m+ l)in + 1) constants, We can so choose these 
constants that ® shall have xeros at (m + I){m + 1) — 1 
assigned points in the fundamental region. For, let cy, es, 
- = = y Clece thing ih—f be distinct points of the region different. 
from the poles of fi{z) and fs(z); and bet Ay, As, . . . be deter- 
mined to satisfy the equations 


Asfimle ele) + --- + Apsanmen = 0, (3) 
eh Se ola ee ae Te 


Constants not all sero can always be found to satisfy these 
equations, sinee there is one more constant than equations to be 
satiefied. With these values of Ay, As... , @ hos actos 
at the points ¢), ¢, .. . 

The function then has at least {m + Ln + 1) — 1 arose 
and not more than m&, + nk, poles. Now, if m and » be large 
ehaugh 

(m+ 1}(e + 1) — 1 > mk, + akg, (4) 
aod + has more known zerce than possible poles. According to 
Theorem 9, + is identically sero, This establishes the theorem. 

It will generally huppen, if the algebrnie relation be found 

in this manner, that ? is reducible: 


PLfi, fe) om Bilfi, flat fa, fad - - - Mfr, fe), 


where &, is an irreducible polynomial in f, and fs. Some one of 
the irreducible factors must vanish identically, This irreducible 
telation wil] contain both factors unless one of them is a constant: 





96 AUTOMORPHIC FUNCTIONS Bec, 45 


for from a relation of the form 4,(f,) — 0, we deduces, = const. 
If neither function is & constant, there is essentially but one 
ulgebraic relation connecting them: for, from two independent 
relations @4f;, fs} = 0 and ,{f,, fs) = 0, we have, on solving, 
J; = const. and f, = const, 

It is easy to see, in the general case, what the degrees af the 
irrexiucible equation in f; and fe will be, The degree in f, is 
the number of values of f, which satisfy the equation when fe 
is given a fixed value, There are by points in the fundamental 
region at which f, = C, where, as before, b, is the number of 
poles af fs. At cach of these points f, has a value satisfying the 
irreducible equation. Hence, in general, this equation is of 
degree kin fj. Similarly, it is of degree ky in fe, in general. It 
mniy happen, for particular functions, that some of the values 
of f; at the k; points are always coincident, in which cas the 
degree in f, is Jess than &:. The functions fy and f, = f* furnish 
4 simple cxample, 

There arises the question whether, conversely, each pair of 
values ¢), ¢y sstiefying the irreducible equation tfc, c:) = 0 is 
taken on by the functions at some point of the fundamental 
region. This is, in faet, the case. The algebraic equation 
Df, fx) ~ O determines fi, say, as @ function of fo, f, — ¥(f,), 
aod the Riemann surface of this function is connected. All 
pairs of values satisfying the equation are represented by points 
of the Riemann surface. 

In the neighborhood of a point zo of the fundamental region 
let fi = ci’, fa = cy’, the points being so chosen that c;‘cs’ is 
not at a branch point of the Riemann surface. In the neighbor- 
hood of zo, f,{z) eoineides with that branch of ${fe(z)) which takes 
on the value cc; at 2. These two functions are then equal 
wherever they can be extended analytically, Now, in the 
f-plane we can trace such a path that as f, moves from, te" to 
es, Y(f2) moves from ¢;’ tom. Along this path 2(fe) is analytic 
provided we avoid certain eingular postions, since the derivative 
dz/df, = 1/fs'{z) exists, Hence, # traces a path in the domain 
of existence of the functions, At the terminus 2’ of this path 

filz’) = cy, Inthe point zo’ of the fundamental region congruent 
to 2° we have fi{zo’} = 21, felta’) = es. 

Taponen 13.—Any simple automorphic funclion can be 
expressed as a rational function of two simple automorphic Sirnctions 
whick have the property that an arbitrary peir of values of the 
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functions is taken on at bud one point of the fundamental region, 
the domain of existence of the three functions being the same. 

Let fi and f, be two functions with the desired property, ancl 
let fs be a third function. To each pair of values of f, and fs, 
there corresponds, in general, one value, and only one, of z in 
the region and, hence, one value of Jf. That is, fs is abngbe 
valurd on the Riemann surface of f, = ¢{f:). Also, fy is an 
analytic function of fs, except for certain exceptional points 
where f, becomes infinite or fe(z) ia sero. At all exceptional 
points of the surface, f; approaches @ finite value or becomes 
infinite. Henee, f; has no other singularities than poles on the 
Riemann surface. By a well-known theorem, J, is a rational 
function of f, and Jy: 


Aifivfsi +e - ; ' 
wa Mitt mt 





Trronem 14.—If there exists a simple automorphic function 
f(z) having @ single pole in the fundamental region, then any 
simple automorphic function connected with the group, and having 
the same domain of deftvition, is a rafional fienction of fi(z). 

Let folz) be a simple automorphic function with & poles. if 
in equation (2) we take mo fy, n = I, the inequality (4) is 
catisfied: 2k: + 1 > 2k, The identically vanishing polynomial 
(2) is then of the form 


Qeffi) Sa + Pagthi) = 0, 
where P., and Q,, are polynominls of degree &, at most- Nat 
all the coefficients in (,, are zero; for, otherwise, Py fy) = 0 
and f, = const., contrary to hypothesis. We bave, then, 


Puffa 
fa = ~ Oh (6) 

which was to be proved. 
Corotnany.—t'he mast general aimple automorphic function 
hazing a single pole in the fundamental region ta the functon 


A+B 4p — BC #0. 
f Ci, + D Ay 

It is clear that this function has a single pole in the f undamental 

region whatever the constants A, B,C, D may be. provided that 

AD — BC #0. For, the values of f correspond in a one-to-one 

manner ta thee of f,; hence, f takes on each value once in the 
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fundamental region. That this is the most general auch function 
follows from the proof of the preceding theorem. Any function 
J; having 8 single pole satisfies an equation of the form (6) where, 
since ky = 1, the numerator and denominator are linear, and 
where, sinwe fs e¢ const.. the determinant is different fram zero. 

44 Differential Equations.—The derivative of an auto- 
morphic function is, in gencral, not automorphic. Differen- 
tinting the equation 


fiz) = fle), 
where 
eo ttd ae: 
a+t+d ad (ez+a) 
we have 


fe) =f Z = (e+ oye). 7 


The derivative is automorphic with reapect to the group, provided 
it is not identically scro, only if ¢ = 0, d = +1 for all tranafor- 
mations of the group. ‘The transformations are then all of the 
form 2 = z+ 6; and the group, as we shall find later (See. 59), 
is Simply or doubly periodic, 

We observe from (7) that the quotient of the first derivatives 
of two automorphic functions belonging to a group is unaltered 
by the transformations af the group. This is apparent for 
simple automorphic functions when we differentiate the relation 
connecting them. We have 4) f,'(2) + #).f:'l2) — 0; whence 
the quotient f,"(2)/f,'(2) is rational in f,(2) and fe{z), and so is 
a simple automorphic function. 

We can set up other combinations which are unaltered by the 
transformations of the group. Differentiating (7), we find 

S'la’) me (ce + dpe) + Qelcxr + @)*f'tz), 
F(a") me fez + AVP [z) + Boles + af (=z) + BeXce + A) f"(2), 
ane 

Fe (29) — BFF = Cee ARS EUR) — Sf" GP]. (8) 
The quantity 

ai det ~ (aet) 
PES Fe HF ge V4 1 BY tg 

Diy). 2idy/ dz)? dz? log ar o( de log 2) (9) 

is known as the “Schwargian derivative’ of y with respect to 


'Scuwans, H. A, “Gesammelte Mathematisebe Abhandlungen,” Bd_ 2, 
p. 78. Variows notations have been ased for thia oxperwion: ¢ly, +) by 
Schwarz; fy, 2] by Cayley; ly], by Klein; Bly), by Koehe. 
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zs, We bave from (8) and (7) that the function 


2f(e\P'lz) — 3f"(2)? — Dif. ( 24h} 
2y"tz)' fey | 
js unaltered by the transformations of the group, 

We now show that if f(z) is a simple automorphic function so 
aleo is (10). Tf fiz} ts analytic or has a pole at a point, the same 
is true of its derivatives and the rational combination of deriva- 
tives in (10) ia analytic or has a pole at the paint. The function 
is then analytic exeept for poles throughout the domain of eniat- 
ence of f(z). There remains the question of its behavior at the 
parabolic points, if any occur. At auch a point fiz) is analytic 
or has & pole at the origin when expressed as a function of f, 
where 





a ieee: Pt, _ wiz 
tat, f= Top rn ’ 

according as the parabolic point is finite or infinite (See. 41). 
In changing the variable, we make use of the following proper- 
ties of the Schwarzian derivative, which are easily established: 


eee = D(y)z, whence J st) = Dir), = 0 (tl) 


. 
Dy); = Dwi 5. ) + Divs. (12) 


Equation (11) expreses the fundamental property of the 
Schwarzian derivative; in fact, the derivative was originally a0 set 
up a8 to be invariant when y is subjected to a lincar transforma- 
tion, Equation (12) is the formula for the change of variable. 
Making the change of variable given above and noting that 


Diz), =~ 0, Dit, = —\s. 
we have 


dZ\* dZ\71 .. ay? 1 
DU}, = Dip ) x (ic) | ng) ¥, A 
whenee, 
Se eae a 2 Se Ada oe 
(dfjdz)*  {af/dt)* 2edfidZ) feeiey Beer (aye 
This function of £ is analytic or has at moet a pole at f= 0. 
Hlenee, the function (1) is a simple automorphic function, 
We shall now prove the following remarkable thearem: 
Trxorem 15.—IJf w(z) is a non-conean! simple automorphic 
Junction of z, then z can be expressed as a function of w by the 
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quoient of Leo elutions of a linear differential equation of the 
second order of the form 


te (13) 
were u ts an algebraic function of w, O(u, w) = 0. 

If w has a single pole af the first order in the fundamental region, 
u i2 @ rational fiunetion of w. 

Conskter the functions 


ee eRe rere aM 
We shall show that 
1 d*y, Ld, Dix), 


ni duct ~ yydw* ~ 2(dw/ds)® 16) 
From the relations : 
7 
Fe le (16) 


we proceed to find Diw),, using the last formula of (9). Taking 
logarithms and differentiating, we have 
Pel ofns 
d # to dw “te dv 2 _ on dw 
E dz Ty dz Zz z Ue dz 
Replacing any in the second and third members by its values in 
(16), 


Peer age 
Ww dw = dy, 
de log tte Pes © orien a ee (17) 


Differentiating again and substituting as before for da/dz, 


2 Ai) 4 dy, 
d?. dw div* aw i ‘dw 2 
dz? log dz neo 2! Leas us a ee + z 
dm: , ./ do 
[nis +Q) 


On subtracting half the square of (17) from (18), most of the 
lerms cancel, and we have 


(18) 





Dia), = = yt 


On dividing by 2(dw/dz}* from (16) we have (15). 
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It follows from (15) that 9, and ys, whose ratio is z, are aolu- 
tions of the differential equation 


where we write u for the last member of (15). But we found in 
(10) that u is a simple automorphic function of 2. Hence, 
(Theorem 12) « and w are connected by an algebraic relation, 
¢{w, ©} = 0. In particular, if w has a single pole in the funda- 
mental region (Theorem 14), » is a rational function of w. The 
thearem is thus established. 





CHAPTER V 
THE POINCARE THETA SERIES 


45. The Theta Series.—In the preceding chapter, we assumed 
the existence of automorphic functions and studied their prop- 
erties. In the present chapter, we shall demonstrate their 
existence by the process of actually setting them up by means 
of series. 

Let the transformations of the group be 


= 12) = SA ards — bes = 1, (1) 
oY ty et ee 


the identical transformation bring z = Telz} = z As an aid 
to simplicity in the formule, we shall use the notation a; = T(z) 
= T/T j{2), aa = T:Ts;THz), etc. 

We consider, first, a case whrer treatment involves little 
difficulty, namely, the finite group. Let the group contain m 
transformations {¢ = 0, 1,---+, m=—1) Let Hie) be any 
rational function of z and form the function 


plz) ~ Hie) + Hla) + Hla) + «+ + + AG). (2) 


This function has no other singularities than poles. If we apply 
& transidrmation of the group to 2, we have 


(te) = Hlze) + Hlew) + - + - + lenis). 


Now, zy, Zu, .. - ,» tm-1e are the eet of transforms af z and, 
since % is congruent to 2, this set coincides with z, a, ..., 
fee) ‘The terms in the sum are the same as before, their order 
being merely interchanged; hence, g(t.) = e(2). The function is 
thus automorphic. In fact, having no other singularities than 
polos, it is a simple automorphic function. In like manner, any 
rational symmetric function of His), Wiz), ... , Alen) isa 
simple automorphic function. 

If the group contains ab infinite number of transformations 
und we extend (2) to an infinite number of terms, the series will 

102 
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ordinarily fai] to converge. For, the general term H(z.) will 
not even approach zero unless H(z) is zero in the limit points 
about which the points z, cluster. Poincaré got around the difi- 
culty by the introduction of convergence factors, By the use of 
these factors we are led to a sum which is no longer automorphic 
but which behaves in a simple manner when & traneformation of 
the group is applied. 

Let H{z) be a rational function none of whose poles is at a 
limit point of the group. We consider the following series: 


6(z) = S lez + diy H(z). (3) 


This is the theta series of Poincaré.* We shall presently eetab- 
lish its convergence, under suitable cireumstanees, when m 
ix an integer greater than 1. We shall assume its convergence 
and derive the basie property of the function which it defines. 

If z be subjected to a transformation 7’, of the group, the series 
becomes 


, h —te 
(2) = X(: wet at 4) H(z) 


(eu; + dyn; \z + gh, + = 
= > as ee + d, H(z). 


The factor (ez + d;)?" comes out of all the terms and we have, 
on replacing the numerator by an equivalent expression, 


9(2,) = (ez + aye Zlez oad d,)-**H G.;). 


The series on the right is the series (3) with the terms rearranged. 
Our suberquent convergence proof will justify rearranging the 
terms, so that we have 

O(2;) — (ez + dj)" 6X2). (4) 
This equation expresses the fundamental property of the theta 
series. 


By means of these series we can set up functions which are 
unaltered when 8 transformation of the group is applied. Let 


‘In the case of a function group which ¢arrics u region & into itelf, it 
sallicses that Mic) have oo other singularities than poles in Zand be bounded 
on the boundary of x. 

7 Poincaadé, H,, “Mémoire ar lee fonctions fuchsenmes,” Acta Math, vol 
1, pp. 13-2M; Ocavres, vol, 2, pp, BO 257- 
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O,(¢) and 0,(2) he two theta series formed with the same integer m 
and consider their quotient, #(z) = 6)(2)/6,(z). We have 
Olt; (ez + adj}*™9,(2) van - 
WO = aale,) ~ (oa + diate) ~ PO ) 
It will appear subsequently that, for a function group, 2, lie in 
the domain of existence of the theta functions. Then F(z) is an 
automorphic function, 

Poitwaré called the series (3) a “theta-fuchsian series” or a 
“theta-kleinian series” according as the group to which it 
belongs is Fuchsinn or Kleinian. He calls a function with the 
property (4) and which has no other singularithes than poles at 
ordinary points of the group, whatever the manner of its forma- 
tion may be, & “‘theta-fuchsinn function” or a “theta-kieinian 
function.” For example, the derivative of an autotnorphic 
function (See. 44, Exyuation 7) is a theta function with m = 1, 

46. The Convergence of the Series.—T hie following propositian 
l@ funcamental for establishing the convergence of various series 
ami products connected with the group: 

Treonem 1.—If the point of infinity is an ordinary potat of the 
group, the series Zle,[-?", where in the summation the finite 
number of terms for whick cg. = O are omitted, converges for 
we > 2. 

The series in the theorem ean be written 2Er,2", where r, is 
the radius of the isometric circle J, of T,. Suppose, first, that 
infinity is not a fixed point for an elliptic transformation. Then, 
there are no points congruent to infinity in the neighborhood of 
infinity, and we have the groups for which we developed the prop- 
erties of the isometric circles in Chap. IT. 

It will suffice to prove the theorem for m= 2. Exeept, 
possibly, for a finite number of terns r, < 1, so that if m > 2, 
r." < r,' and the convergence follows from that of 2r,4, 

The centers of the isometric circles lie in « finite region and 
their radii are bounded (Sec. 17). Henove there exists a positive 
constant & such that a cirele Q, of radiua & concentric with any 
taometric circle J,, contains all the isometric circles on ita interior. 
lat @," be the transform of @, by T.. .’ is got by invert- 
ing (J. in J, and making certain other transformations which 
do not alter magnitudes (‘Theorem 19, Sec. 11). By inversion, 
we find the radius of 2,’ to he r,"/A; its aren is ry.t/A*, Now, the 
exterior of Q,, which lies entirely within &. gees into the interior 





tee. £6] THE CONVERGENCE OF THE SERIES 105 


af @.', which, therefore, lies within £,, the transform of A 
by 7... As the regions &, Gt together without overlapping, it 
follows that there is no overlapping of the circks @,’. Their 
areas then are kes than the area of any one of the circles @, which 
encloses them. We have then 


acy < wh?, Sr < At, 
and the series converges. 

If infinity is a fixed point for an elliptic transformation, the 
reasoning is not essentially different. The isometnc cireles are 
confined to @ Anite region as before, and the constant 4 exiata, 
There is the difference that a point outside Q@, may have p — L 
paints exterior to Q, congruent to it, where the elliptic eyelic 
subgroup with fixed point at = contains p transformations, 
The cireles @,' can overlap, but ne point can be interior to more 
than p such circles, Tener, 


4 
Sr < rah, Sirst < pis, 
and the series is convergent. 

By the use of the preceding theorem, we are able to establish 
the convergence of the theta series. 

Trxomum 2,—ifm * 2and of the poral of infinity is an ordinary 
pornt of fhe group, then the theta wertes (3) defines a function which 
is analytic except possibly for poles in any connected region not 
confoining liml points of the group im ite mnterzor. 

It will suffice to prove the theorem for a region & such that 
there are no limit points of the group within or on the boundary 
of 8", sinee such a region can be made large enough to include any 
given interior point of & region with limit points on its boundary. 

We obcerve, first, that certain terms of (4) may have poles 
in S’, At 2 = —daz/c;, the center of the lzometric circle /,, 
the factor {o¢ + dj-** becomes infinite. Again, if z is such 
that 2, = a, where ais the pole of M(z),—that is, ifz = Toa) — 
then MG.) has a pole. It is clear, however, that only a finite 
number of terms of the series have poles in S'; for 8’ contains in 
its interior and on its boundary only e finite number of centers 
of isometric circles and only o finite number of points congrucnt 
to each of the poles of H{z). 

We now put aside the finite number of terms having poles in 
and on the boundary of 8S‘, and we prove that the remainder of 
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the serios converges absolutely and uniformly in 8’. Let d > O 
be the minimum distance from the boundary of S’ to the centers 
of thoee isometric circles whose centera are exteriar to S’, We 
have, then, for all the terms we are considering and for all z in 3’ 


d, 
e+ cl Re 
Vurther, we can draw curves about the poles of Wiz) such that 
when zis in S' all pointe #, in the terms considered, lie outside 
the several curves. But in the mgions outaide these curves, 
Af¢z) is bounded, 4 that we have 
(ej) < MM, 
We have, then, excluding further the finite number of terms for 
which _X~= 0, 
Ket + de)?" H{z,), = —— 
cf"| 2+ = 


HiTiz, } MW, is 
A pel el . (6) 


This inequality holds for all points of 3’, Since the series of 
positive constant terms oy, sealel? converges (Theorem 1), the 


absolute and uniform convergence of the sorles in 4” ia established. 
The sum of the eeries is an analytic function in AS’, It follows 
thut (4) is analytic in S" except for the finite number of poles 
which arise from the terms which we put aside, 

47. The Convergence for the Puchsian Group of the Second 
Kind.—it can be shown that in general the theta series does 
not converge fm 1. There are certain groups, however, for 
which the series does converge. An important case is the 
following:' | 

THEOREM 3,--For a Fuchston group of the second kind for which 
the penné af infireity ts an ordinary point, the series Z\c,|-* converges. 

Then, the theta series (3) converges for m = 1. 

We shall suppoer, first, that the principal circle is a straight 
line—the real axis, forexample, The region & contains a portion 
of the real axis in the neighborhood of infinity in its interior, 
The tsometric circles fie in a finite region, and their centers are 
on the real axis. 

We shall employ the constructions used in the proof of Theorem 
|, The cirele Q, concentric with J, and of suitable madius & 


' Bonners, W.. “On a Class of Automorphic Functions,” Proc, London 
Math. Sor., vol. 23, pp. 40-S8_ 189i. 
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lice In BR, Its exterior is transformed into the interior of the 
cree Q,’, with center on the real axis. The portion of the real 
exis exterior to @, is transformed inte the portion of the real axis 
within @,". The length of this latter segment is 27,7/A, the 
diameter of @,". Since the cireles Q,” are exterior to one another 
and all lie in any one of the circles Q., the segments of the real 
axis which they contain are non-overlapping, and the sum of their 
lengths is finite: 
oe < 2h SN, 7< A 
h ' ad " . . 


Henee, the series Zr,*, or Zie,/"4, con 

The proof for the general Puchsian group of the second kind 
rests on the following lemma: 

Leauma.—if the point at infirify is an ordinary pornt Jor a group 
T. and its transform T,' ~ GT.G-', then the serica Z\e,|~?" and 
Lie.’|"'" both converge or both diverge. 

Let the transformation which ts applied to the group he G = 
(az + B)/(y2 + 8), ab — fy = 1. Then (Equation (2), Sec. 15) 

in’ = — ban + yb — Ben + ydd. (7) 


Suppose, first, that 7 #0. Substituting for 5, the value 
bh. = (ad, — Dyec and combining terms, we can write (7) in 


the form 
, a. 6 \/ a. é x 1 
gg vel (2 ~ Nee ‘) 4) ie) 


Now, the centers, —d,/’c, and a,/c., of the isometric circhke 
le in a finite region; and their diatances from the point —é/¥ 


are boundext 
e—ie<X, 
Ce vi 
Also, 1/|e.%| is bounded: 1/|e.¢| < A’. Henve, we have 
lea’| < |y*} - len (Kt + A") = Aylesl, 


ic, |= < K,*"\c.|"?". 

[It follows from this inequality that if Zle,'b*" converges, 80 
also does Z\c¢,|"?". 

lf + = 0, we have at onoe |e.’| = [8|*- |e,|, 5 being different 
from zero, and the conclusion follows as before, 

Now the group 1, ia also a transform of 7’; thus 7. = 
GT G. Hence, if Zlc.f-** converges, 80, algo, does Zle,'|-*. 
This establishes the lemma. 


Lt Dae 
Ce Vr 





ated 
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We return now to the general Puchsian group of the second 


kind. Let the group be transformed so that the principal circle . 


is carried into the real axis and an ordinary point on the principal 
circle is carried to infinity. We found above that Zic,"-* con- 
verges for the transformed group. Hence, applying the lemma, 
Yiec.|-? converges for the original group. 

The convergence of the theta serics follows from Equation 


(6) with m= 1 since the series of positive terms Seal" 


converges. 

48, Some Properties of the Theta Functions.—let = be a 
connected region of the »plane bounded by limit pointes. Then, 
é{z) in (3) & analytic except for poles in S, If the limit points 
separate the plane into two or more regions, the series (3) defines 
n function in each region, but, in general, the functions so defined 
are distinct, 

Consider, for example, the Fuchalan group of the first kind. 
Here the timit points consist of all points of the principal circle. 
Then (3) defines & function analytic except for poles within the 
principal circle, The poles of #{z) arise from the poles of the 
individual terms of the series. If fz) has a pole at a within 
the principal circle, then Mf(2;) becomes infinite when z; = a. 
That. is, 6{z) has poles at the poles of (2) within the principal 
circle and at points congruent to these poles—exeept that, in 
special cases, /i{z) may have poles at congruent points of such 
n character that the singularities arising from two or more terms 
of the series cancel. Putting this special case aside, the number 
of poles in the fundamental region Rp is exactly equal to the 
number of poles of H(z) within the principal circle. If 4{z) 
has poles within the principal circle, these poles cluster in infinite 
nurbers about each paint on the principal circle, The principal 
circle is thus a natural boundary of the function. 

In s similar manner, (3) defines a function analytic except 
for poles on the exterior of the principal cirele. ‘Thess poles are 
the poles of Af{z) lying without the principal circle, the points 
congruent thereto, and the points ~d,/c;, where a convergence 
factor becomes infinite; although bere, also, there is a poesibility 
of the singularities frorn different terms cancelling. If the 
function has poles, theses poles cluster about the points of the 
principal eirelo, and the function cannot be extended analytically 
across: the drele. The one formuls (3) then defines two distinct 
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functions, one existing within the principal cirele, the other 
without. 

[n the Fuchsian group of the second kind the function defined 
by (3) is a single function, existing both within and without the 
principal circle, 

The proof of the convergence of the theta series does pot 
require that the group be a function group. The property (4) 
is a relation connecting two distinct functions, however, unlees 
a(2) can be continued analytically from 2 to 2; In order that 
(4) express a property of a single one of the functions definest 
by the series, it is necessary that the domain of existence of the 
function be carried into itself by the transformations of the 
group. The group is then a function group. 

In setting up functions by means of the series (5), the pales 
of H(z) are at our disposal. By placing 4 pole ata desired point, 
we can be sure that @{z) in a region © under consideration has a 
singularity and, benee, is not identically zero. Further, in 
forming automorphic functions for a function group by means 
of (5), we ean place the poles of the numerator snd denominator 
at different points of 2 and, thus, be assured that the auto- 
morphic function does not reduce to the trivial case of a constant. 

Equation (4) exhibits s relation between the theta function 
and the isometric circle, If @{z) is neither zero nor infinite at 
z, then |@(z;)\ ia greater than, lees than, or equal to le{z)| according 
as le + d,| is greater than, less than, or equal to 1; that is, 
according as z lies without, within, or on the isometric circle 
of 7. We note that [@(z)], when not xero or infinity, has a 
amaller yalue at a point of R (exterior to all isometric circles) 
than ut any congruent point within the domain of existence of 
the function, 

Behasior af a Vertex,—iet ¢ be the fixedpaint of an clliptic 
transformation lying within the domain of existence of a theta 
function. The transformations with £ as fixed point form an 
elliptic cyclic group generated by 2! = T(z) of the form 

Bes top Sa on eset 

oe = Ke =" K é ' (9) 
where ¢' is the second fixed point and 4 és an integer greater than 
lL. The fundamental property (4), for 7’, may be written 


viet) = (7) “we (19) 
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We find, on taking the logarithm of (9) and differentiating, 
aT = ee OE — 8). 
de dz (e — €)fz — &} 


Piz) = (2 — &)™(x — £')"e{z), (12) 
we can write (10) in the form 
P(2') = (2 — E)n(z” — 8)" 0(2") 

= (e— )"{e — &} ez) 

= F(z). (13) 
Henee, Piz) is unaltered by the transformation 7’, and conze- 
quently is automorphic with rmapect to the cyclic subgroup 
generated by T’. 

Applying Theorem 6, Sec. 41, we conclude that F(z) fakes on 
is culue & times, or a multiple thereaf, af £. 

Suppose that é(z) is analytic at & Then #{z) has @ zero at 
of order m at Ienst, owing to the factor (e — £)*. Now, if m 
is not a multiple of &, then Of2) must have a zero at € also, the 
order s of the zero being such that 


m + ¢ = lk, {i¢) 





(i)) 
If we put 


where / is an integer, 

If #(z) te analytic af £, tf tx necessarily zero there weleas m ie a 
multiple of k, The order 8 of the zero satisfies an equation of the 
Jorm (14). 

If 6(2) has a pole of order p at &, then P{z) has a pole of order 
p—m or a vero of onder m — p, unless p = m. An equation 
of the form (14) holds where we put s = —p, | being ao positive 
ar negutive integer or zero, 

Behavior at @ Parabalic Potnt—There is a parabolic cyclic 
subgroup generated by a transformation S with the parabolic 
point / aa fixed point. S has the form 


] i 
sy P - EEay Pp ot c. (15) 
Here we have se | : 
‘ " “F c—, ; 
aan cas =(F=p) (16) 
Writing | 
Giz) = (2 — P)d(z), (17) 


the fundamental relation (10) for the transformation S may be 
written in the form 


G(2") = (2 — Py o(z') = (2 — P)*6(2) = Giz). (18) 
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The function G{z) is automorphic with respect to the subgroup 
generated by 3S. 
On making the customary change of variable 


¢ me gteicten?? (79) 


(See Seo. 41; here we use particularly Fig. 32), @(z) ia traneformed 
inte a fanection of £ Giz) » gf{f), single valued in the neighborhood 
oft=0. We have, then, 
\ c ] In 
az) = ee ™ (ee git}. (20) 
The theta function thus has a logarithmic singulanty at £ = 0. 
We consider now the form of g{t) when 8(z) is defined by the 
theta series (3). We can take the circle C of Vig. 32(a) small 
enough that it contains no point —dj/e and no point congruent 
to a pole of H{z). For C, when small enough, contains only 
points congruent to pointe of the fundamental region & which 
lie in the neighborhoods of the parnbolic points of the cycle; and 
thess neighborhoods can be sufficiently restricted to exclude 
and the finite number of points of R congruent to poles of H(z). 
Tuking C slightly smaller we have bounds for the following 
quantitics; 





s—F\<K, Wel<M, 
[ete 


where z lies within or on the boundary of the triangle 2.2/7 of 
Fig. 32(a), exclusive of P itself. In the series 


z:— Py** 1 
Gls) = (44) arate), 
C\ 


the general term ia leas in absolute value than the corresponding 
term of the convergent series of positive terms A?" Af Zicg-*. 
Gz} thus remains Gnite as ¢ approaches / from the interior of 
the triangle. In the ¢-plane, then, g(¢) is analytic in the nrighbor- 
hood of ¢ = O and ia bounded; henoe, a(t) és analytic af £ = OY 
property defined there, 

If we forra an automorphic function as the quotient of two 
theta series, which may be written 
(2 — Pyrote) — all, 


fe) = Ga Piriie) ~ galt) 
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we observe that f(z), 25 a function of ¢, is analytic or has a pole 


at ’= 0. Then as z appronches P from the interior of FR fiz). 


approaches a dehnite finite or infinite limit. It thus satisfies 
the requirements laid down in Sec. 40 for the behavior of a simpke: 
Alitomorphic function at a parmbolie paint, 

49, Zeros and Poles of the Theta Functions.— We consider now 
function groups in which the region Mo lying in Z haa a finite 
number of sides (Sec. 40). We consider theta functions baving 
a finite number of poles in A, such as those defined by the theta 
#eries (3). We suppose that git) in (20), as in the case of the 
series (3), is anslytic at £ = Oor has a pole there; and we assume 
further that @(z) is mot identically zero, 

We make the same conventions shout counting zeros and poles 
at ordinary points on the boundary as were made in See. 42, 
We observe that this may lend to the count of a fractional number 
of zeros or poles in the region: thus, at the vertices of a cycle of 
angle 2r/k the zeros, from (14), amount to 


& ! ™ 

i _— | Er 
which may be fractional. The order of the zero or pole of gff) 
at ¢ = 0 will be counted as the number of zeroa or poles of the 
function @{z) in the pointe of the parsholic eyele to which P 
belongs. 

We now remove the neighborhoods of the vertiocs and para- 
bolic points of R, by amall cireles aa explained in Sec. 42. Let 
No, Mo be the number of zeros and poles, respectively, in the 
resulting region. Then, 


No -— iM, = fa log Ofc), (21) 


the integral being taken around the boundary—further altered 
a2 in Pig. 33(0) if a pole or zero lies on a side. 

Before evaluating the integrals along the sides, we shall 
consider the integrals along the small circular arcs just con- 
structed. When we let the radii of the ares cutting off the 
vertices approach zero, we find, exactly as in See. 42, thut 
the integrals along these ares approach my ~ We where ry and me, 
are the number of xrce and poles, respectively, that we assign to 
the various vertiocs. 

The parabolic points, as usual, are less simple to handle. 
The circular area A, dy, . ~~, ke about the parabolic points 
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of s eycle P, Py, ... , Ps are the transforms of k, ha’, ..., 
4, which fit together to make up the arc 2,2, of Fig. 32({a). 
The are A, is the transform of Ay” by same transformation», = 
Ti{z), and we have, 


f, @ log 8.) = ff dog (et + de)**0(2) 


. 2a 
= ut (= = *) Giz} 


:-P 


> 2m f,| dog (: + =)- d log (z— P)| “+ fi. log g{f, (22) 


where A,’ is the corresponding are on the circle in the (plane in 
Fig. $2(¢), 

We need consider bere only the imaginary part of the integral 
f@ log , since the members of (21) are necessarily real. Now, 
when we let the radius of C in Pig. $2(a) approach zero, it is easy 
to see that the imaginary parts of 


{4 og (- + =) f ad log (2 — P) 


both approach zero, being ¢ times the angle through which the 
line from —d,/c), or from P to 2, turns as 2 moves along the are 
Ay” Lying On 25>. 

We have, then, only the last integral in (22) to consider. 
Adding the integrals arising from the several vertices, we have 


1 ta 
sft log ptt), 


the integral being taken around the circle in Vig. 32\¢) in a 
clockwise direction, Its value is —»° or m’, where g{f) has a 
wo af order n* or 4 pole of order m' att = 0, 

On shifting the integrals evaluated to the first member of (21), 
and letting NV, M represent the total number of zerce and poles, 
respectively, belonging to Ry, we have 


. ER ES me fort 
N= M => f d log 6(2), (23) 
the integrals being taken along the sedea !; of Ry. 


Consider the two integrals arising from congruent sides 
AB, CD (Vig. 38 (a) or (b)). Let 2 = (az + b)/(ez + d) be 
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the transformation carrying ABtoCD. Hers, —d/c is the center 
of the are AB. We have 


fin low 62) + fd log o(e’) = fiat low #2) + 
fort log (cz + 2)°™6(2} — 2m f, 4a log (: + :) = 2ima, 


where « is the angle subtended by the are BA aot its center, 
The equal are CD also subtends the angle a at ita center; and 
we can write the integral as wi times the sum of the angles 
subtended by the two ares. We pet similar results for the other 
ides, which gives the following theorem: 

THEOREM 4.—Let NV, M be the number of zeros and poles, respec- 
hvely, of the theta function ia the region Hy; and lel ay, as, . . . , 
ote be the angles subtended by the sides af Ry at the centere of the 
isometric circles on which these sides We. Then 


in 
N— MM = 5 te (24) 


We observe that the function bas always more zeros than 
polea in A, We note that the difference NV ~— M depends only 
upon mand upon the character of the group. Lt is independent 
of the function H(z) used in the construction of the theta eeries 
(3). This independence could have been ensily foreseen. The 
fuct that the automorphic function in (5) has the same number of 
zeros a8 poles requires that the difference N — M for the funo- 
tions 6,(z) and [2) be the zame. 

The poles and zeros in a region 2, congruent to Ro are deters 
mined from (4). If > does not contain the point «© the number 
of zeros and poles in Ry, ia the sane as in No If, however, 
if contains =, NV — M is decreased by 2m, owing to the factor 
(e@ + d))** appearing in (4). 

Sappooe X, is a fundamental region with » poirs of sides for the Puchsian 
group of the first kind. Eet 2e/k,, 2e/k, . . . be the wam of the onaks 
in the ordinary eycles of Ry. Then the sam of the interior angke in the 
cincular polygon is an Si 

Consider the rectilinear polygon of de axles in Fig. 34. The wam of ite 
interior angles is 2e(2e — 1). The sum of the angles at the contor of 
isometric circles ig Ley; the sie at the remaining vertices is a De + 
2nz, Homes, 

Se(2n — 1) = Sa 4 2 Sc 4. Que. 
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Sebstituting the yolue of Xe, from this into (24), we have 


N= M = w(x -~il-= yi): 


Thia result is given by Poincaré in the memoir previourly cited, 
A particularly simple application of (24) i« to the growp of Sen, 25fc), 
Here, & is bounded by 2n complete ciredes, and a; ~ Ze. For f, then, 


N — M = ux. 


Here, R contains ©; a0 for Ry, any coegroemt region, 
No -— M — 2efn — 1). 





50, Series and Products Connected with the Group,--By the 
aid of Theorems 1 and 3 we can establish the convergence of 
numerous series and products connected with the group. Woe 
illustrate with a few examples, 

Let fa, Ue, %, . . . be the transforms of z, uw, r, . . - by the 
transformation 7', of the group. We have 

z—w zi— I : 
(25) 


me Ga Fa G Fy) (= +o\(. + =) = 


If g and w be restricted to lic in regions containing no limit points 
of the group and having no limit points on the boundary, then, 
excepting for a finite number of values of wr, the factor preceding 
L/c,* in (25) is boumded, 
Suppose that Dic.f-* eanverges; and consider the series 
X(z, = th), 

the summation being extended to all transformations of the 
group, Except for a finite number of terms, thia series converges 
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absolutely and uniformly in the regions mentioned. It is thus 
analytic in each variable excerpt possibly for poles arising from 
a finite number of individual terms. In a similar manner we 
establish the convergence of such functions as 


zn —~ Un " — 
> mt S uff fz), 





z—w, 
where (2) is defined as for the theta series; ete. 
In a aubeequent chapter (Sec. 99), we shall employ products 


of the type 4 
z— Us ; Vex 
| Fee tt eae (20) 


in connection with Fuchsian groups of the second kind, where wu 
and « are distinct from limit points. The convergence bere 
depends upon the convergence of the series 


BS ani 
gs-~ 
which is readily established from the known fact that 3}c,|-* 
converges. We conclude readily that (26) is an analytic function 
of z at all ordinary points of the z-plane except for poles at the 
points *,, and that the function is different fram zero except at 
the sect of points w,. 

In the general caso, where Zle.|-* converges, we establish 
readily the convergence of such serics as 


amy, ealz, = allt. — Wa} 2. — tt. 
en ak ert ap te 








and the like. 
From (26) we can build s convergent product for the general 
case by the inzertion of convergence factors, thus 
If 7 We tla, 
G:=. oe 
where w is an ordinary point. Another example in which the 
convergence is casily established is the product due to Whittaker! 


' {z = ) = 11 (4 }fa4—us| 
(z= wf] 2 — ue) a4 29? G~aalumued 


(2 —z)(u — uh] 





where the product extends to all transformations of the group 
exeepling the identical transformation. 


' Mere, Meté,, vol, St, p. 145, 1902, 





CHAPTER VI 
THE ELEMENTARY GROUPS 


t. THE FINITE GROUPS 


61. Inversion in a Sphere.—The study of finite groups will 
be much eimplified by the introduction of transformations of 
three dimensional spnee. In thie treatment, the space trans- 
formation known as “inversion in a sphere" plays a fundamental 
rile. We shall now make no digression and derive the salient 
properties of this transformation, 

Inversion in a sphere is a direct generalization of inversion 
in a virele (Sec, 6). Consider a sphere S with center A and 
radius p. Let P be any point in space and construct the half 
line beginning at K and passing through P. Let P, be a point 
on this half line such that KP,-AP = p*; then P, is called the 
inverse of P uth respect to S, FP is, aleo, obviously the inverss 
of P,. S and K are called the “sphere of inversion” and the 
“center of inversion,” reapectively. The inversion carries a 
point within 8 into 4 point without 5 and leaves the points on 
the surface of S fixecl. 

It is clear aleo, as in Soc, 5, that any sphere or cérele through 
P and P, é2 arthegonal to S. For, any tangent K7' from K to 
the sphere or cirele (Fig, 1) hus the property that AT? = AP, - 
KP = 9%, That is, T' lies on 4S; a0 that at 7 the sphere or cirele 
is orthogonal to S. Further, any other secant through A, 
meeting the sphere or circle at P,', PF’ haa the property that 
RPS. KP’ = KT = 9°. Henee, by the inversion, any rele 
ar sphere through two inverse points ie transformed into itself. 

We now derive the analytic expressions for the inversion. 
Let K, P,P, be the pointes (a, 6, e), (fg, 9, 7), (22,0. 2°), respectively, 
in rectangular space coordinates. Put 

r= (E=— ay +(e — bP +0 — oF 
rt aw Ce — a)? + (n= BF + GY — oP. (1) 
Then it ts required that 


rr’ om pe. {2) 
7 
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Projecting the segments KP and KP, on the three axes, we have, 
from the resulting similar triangles, 
RL dar! ae ik ee, ey 
it~ a h-b $¢me 7 ri oe (3) 
These give the following equations for the transformations 


eh Fey i ¥—b= a Fr) v—c= oo. (4) 





Expressions for £, 9, ¢ in terms of £’, 9’, ¢* are got by interchanging 
the primed and unprimed variables in (4). 

Consider, now, the magnification of an element ds. Let de’ 
be the length of the transformed clement. We have from (4) 


: -_ 
dg = rae > sete a ' 


with similar expressions for dy" and d?’, Squaring and ailding, 
ds’? = ae” + dy” + de** 


= Plde + do? + art) — arte — ade + Gy — B)dy + 
 — clade} + Hartl(e — 0)* + (y — 0) + & = oF 


4 4% 4ot ‘ 
o Fide® — Farfrdr] + SE drfre] = Fide, 


or 
3 


ds’ — “ds. (5) 


Tr 

The magnification depends only upon the position of the 
element and not upon its direction. A small triangle in the 
neighborhood of point will have all its sides multiplied by 
the same quantity; hence, it is transformed into a similar triangle, 
Its angles are unaltered in magnitude. In other words, inversion 
in a sphere is a conformal franaformation. 

We consider now the transform of a sphere or plane 2: 

ACP tet P+ BE+ Ce + DE + B= 0. 
This is n sphere (possibly of imaginary radius} if A # 0; a plane 
if A= This can be written equally well—thinking of the 
onion a5 tranelated to (a, 6, c)—in the form 
A[(E — a}? + (ye — 5)? + (F — c}*] + BE — a) + 
Chh- b+ DG—o+F =0, 


Af + BUE-a) t+ CW -H+ DG -—Oo+ 8 =0. 6) 
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Then, fram (2) and (4), the transform is 


af + BE e — 0) + C2iy — 0) + DE — +B =0 

y? y'? s? yt ’ 
or 
B'e® + BAE — a) + C’p'(y’ — 6) + Dot" — c) + Apt = 0. 

(7) 
This is the equation of a sphere or plane according az £' x 0 
or F' = 0. We have proved that 5y merersion in a ephere a 
sphere or plane tz carried infe a sphere or plane. 

In (6) A’ = 0, if © passes through the eonter of inversion. 
Hence, a aphere or plane through the center of inversion is 
transformed into a plane, This could have been foreseen 
gearmetrically. 

Sinee a circle or straight line is the intersection of two epheres 
or two planes, and these Intter are cared into spheres or planes, 
it follows that by an ineerston in a sphere a circle or straight line 
iv curried into a cirele or straight line. The transform is a straight 
line ii, and only if, the original circle or straight line passes through 
the center of inversion, 

Finally, of P and @ are two poinis inverse with respect to a aphere 
2, the transformed potats P, and Q, are daverse with respect to the 
transformed ephere EZ). This is moet easily established grometri- 
tally. Through P and Q pass a family of apheree orthogonal to 
=, The transforms of these spheres pass through P, and Q, and 
are orthogonal to )—sinee angles are preserved. On inverting 
in XS), each of these spheres is transformed into itself, The point 
). common to all these spheres, is transformed into the second 
common point @,, Hence, /, and Q, are inverse with respect 
ta Z,. 

If =, is a plane, two points P; and Q, such that all spheres 
through them are orthogonal to the plane must be equidistant 
from the plane and on a common perpendicular to it. ‘That is, 
(: ia the reflection of Py in 2%). We thus extend the idea of 
inversion to the ense in which the sphere of inversion is 4 plane. 
Trversion in a plane te merely a reflection ina plane. This trans- 
formation poaseases the various properties of inversion in a 
sphere which are italicized in this section. 

52. Stereographic Projection.—We now introduce a widely 
“sel method of representing the complex z-plane on a sphere, 
Let the oMnplex plane be a plane in three dimensions! space, and 
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let an inversion be made in a aphere whose center A does not lie 
in the zplane. Then the 2-plane is carried into a sphere which 
passes through K. The points of the z-plane and the points of 
the resulting sphere correspond in a omt-to-one munner. Corre- 
sponding points lie on & line through K. Corresponding angles 
are equal. This correspondence between the points of the plane 
and of the sphere is known ns n sterengramhic projection. 

For convenience we shall =o chovoee the sphere of inversion 
that. the transform of the z-plane is the unit sphere with center 
at the origin. Let the space axes be so placed that the & ane 
q-axes coincide with the real and imaginary axes in the 2-plane, 
Let K be the point (0, 0. 1); and let the radius of 8, the sphere of 
inversion, be 4/2. Then S posses through the unit circle Qy 
with center al the origin in the eplane. The points of Qy 
remain fixed on making the inversion, The point at infinity in 
the 2-plane inverts into K, the center of 8. The xplane then 
inverts into a sphere X» through Q) and the point (0, 0, 1). 
Hence, Sy is the unit sphere 


Ctw +f = 1. (8) 
Corresponding points of the 2-plane and of 2, lie on a line through 
(0,0, 2). The interior of Qo is transformed into the lower half 
of Xo; the exterior into the upper balf. Circles and straight 
lines in the 2-plane are transformed inte cireles on Zp, 

The equations connecting a point z = © + ty and the corre- 
aponding polot (£9, ) of S, can be written down at once frorn 
(4), Putting (2, y, 0) for (g, 9, £) and (, 9, 7) for (¢’, 9’, 7°) we 
have, since 

fm ey + 1 ow ce +1 
and p* = 2, the equations 
re eo ad 
“a+r t"a+t "ast 9) 
Interchanging primed and unprimed values in (4) and using the 
equation 
Pm Etat — YF to bet — e+ 1 21-4, 
wet have 
. e = - a - _ E+ Le 
Tap 2 Fy Ale i-¢ (10) 
6S. Rotations of the Sphere.—If =, be transformed into 
iteelf in a directly conformal manner, the corresponding points 


z= 
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of the ¢-plane undergo a one-to-one and diretly conformal 
transformation. Thst is, the 2-plane is subjected to @ linear 
transformation, We shall be particularly interested in the rimd 
motions of space which carry ZX, into itself, Such a motion 
is, obviously, one-to-one and preserves angles. 

The most general rigid motion which carries a sphere into 
itaelf is a rotation about an axis through the center, Thus, in 
a ned motion carrying Xo inte itself, there is at least one fixed 
point 7; on Zy, since the corresponding linear transformation 
of the 2plane has «a fixed point. The center 0 of y is also 
fixed in rigid motion. Hence, the line OF; is a fixed axia; and 
the motion is a rotation, 





Fic. =. 


What is the character of the resulting linear transformation 
in the plane? Let ?, and ’, be the ends of the axis of rotation 
(Pig. 35). A great cirele through P, and /, is rotated into 
another such erele making an angle @ (the angle through which 
the sphere is rotated) with the original circle. Any circle lying 
in 3 plane perpendicular to PP, is carried into itself. This 
lutter ciyele is orthogonal to the circles through P, and Py. We 
now make the stereographie projection. /; and /*, praject into 
two points 2, z which remain fixed as the sphere is rotated. 
The circles through ; and s,s project into eirelos through 2, and 
z-. Then, each efrele through 2, and 2 is carricd into another 
such eirele making an angle @ with its former position. The 
fixed circles on the sphere project into fixed cireles on the plane 
orthogonal to the elreles through 2, and 2, This arrangement 
Of the fixed cireles shows that the transformation ts (Fig. 7) an 
elite transformation. 

Conversely, any elliptic transformation of the z-plane whose 
fixed points are the projections of the ends of a diameter corre- 
#ponds to a rotation of Zo For, we can find a rotation of = 
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whos: carresponding transformation of the 2-plane has the 
same fixed points as the given transformation and which turns 
n circle through the fixed points through the same angle. The 
given transformation and the transformation corresponding to 
the rotation have the samme fixed points and the same multiplier, 
»o they are identical. 

We now find the relation between two points 2, 2 in order 
that they be projections of two points ?,, 2s which are at opposite 
enda of a diameter of So IF (£), 4), 7) are the coordinates of P,, 
then (—£€), <9), —f1) are the courdinates of P;, So, from £10), 


as & + m1 ae pre eS he fo 


™ l= 1 = 1+ $1 
Forming the conjugate of 2, and multiplying, we have, using (3), 
- t,* + m* 
i= — Te 
or 
Seat A (11) 


#1 
Conversely, if (11) is satisfied the points on Zo corresponding 
to 2, and 2, le at opposite ends of a dinmeter, 

We shall now prove the following theorem: 

THEOREM 1.—The necevsary and sufficient condition that a 
fransformation af the z-plane correspond to a rotation af Sy is 
that if be of fhe form 
— aa + ce = |, (12) 

Let oo = (az + 6)/ (ee 4+ 0), od —be = 1, correspond to a 
rotation of Z,. The rotation has the property that points at 
the ends of a diameter remain at the ends of a diameter after the 
rotation. So, if z, and 2, satisfy (11) so also do the transformed 
oe (az, + 5) /fem + d) and (az + b)/{e3 +d). We have, 
then, 


= 


a:+b +d deme 

a +a a+ —he ta’ 
the last expreasion resulting from setting 2, — —1/2, in the 
preeeding, From this identity in z:, we have 


OS LES Five ake 
Co = 


a=, b= —d, c= =—M, d= da, 
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Fram these equations, we have 

ad — he =~ Add = fe); or 1 = 4. 
Henee, 6 = —éand d = é, and the transformation has the form 
(12). 

We pow assume that the transformation has the form (12) 
and prove that it corresponds to a rotation of the sphere, In the 
livet plave, (12) le elliptic, unkess it is the identical transformation. 
ic »* 0, we have je! < 1, so that la + 4) < 2 Sino o + 4 ie 
real, this ia the condition that the transformation be cliltptec 
(‘Theorem 15, Sec. 10). Hf c= 0, we have |e] = 1; then, 
lo + a] < 2, unkes a = +1. In this Intter case, we have the 
identity 2 = 2. 

Again, the fixed points of (12) satisfy (11). Let 2, be one of 
the Gxed points; then 2, satisfies the equation 


c2,7 + (f — ale, + & — OG, 
Taking conjugates 
éi7 + (a = &8, +c = 0; 


whence, dividing by 2,, 
c 1 ) 
o.t@- a(-3,) +e=0. 


Thnt is, — 1/2; is also n root of the equation determining the 
fixed points, The fixed points thus satiefy (11), and, henee, are 
the projections of the ends of a diameter. It follows that the 
transformation corresponds to & rotation of the sphere. 

54. Groups of the Regular Solids.—We propose, now, to 
construct finite groups of linear traneformations by forming 
finite groups of rotations of the sphere Z, and projecting stereo- 
graphically on the z-plane, We proceed as follows; Let one af the 
repular solids —a cube, for instance, or a regular tetrabedron— 
be placed with its center at the center of Z,. There exist certain 
rigid tnations of space which carry the regular solid into itself. 
These motions, which interchange the faces in various ways, 
leave the center of the figure fixed. Henee, each such motion isa 
rotation about an uxix through the center. By these motions, 
the sphere 2, undergoce certain rotations about diametral anes; 
and, by stereographic projection, the plane is subjected to 
Sorrespanding linear transformations. 

: It is clear that the set of all rigid motions which carry a body 
Nt} tluelf constitutes a group of rigid motions. For, the sucoes 
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sion of two such mations, as well as the inverse of any, is a reid 
motion which also leaves the body invariant, and, hence, belongs 
to the set. The set of linear transformations of the plane 
commesponding to the group of rotations currying the regular 
solid inte itself constitutes a group of linear transformations 
izomorphic with the group of rotations. 

It is evident that the number of rotations which carry a 
regular solid into itself is finite. There is but a finite number 
of ways, for example, in which a given fave can be made to 
emineide with itself or with 
some other fnee of the solid. 
lfenee, in the 2-plane we have 
groups containing a finite num- 
ber of linear transformations, ' 

56. A Study of the Cube.— 
We begin with the most 
familiar of the regular solids— 
the cube. Leto cube be placed 
with its center at the origin 
(Pig. 36) and with its edgvs 
parallel to the coordinate 
axes. We may suppoeo that 

ro. SS the cube ie inscribed in %,, 

We study the axee about 

which the cube can be rotated into itself. These are of three 
kinela. 

There are, firat, the axece joining midpoints of opposite faces 
as AK’ in the figure, There are three such axes. Rotations 
about each of these axce through angles of 90, ISD, and 270 
degrees carry the cube into itself. There are, thus, nine rotations 
about the three axes which carry the cube into itself, 

Second, there are the axes joining opposite vertices, as MM" 
in the figure. There are four of these axes. Rotations about. 
each axis through 120 and 240 degrees carry the cube into itself, 
There are, thus, cight rotations arising from the four axes, 

Finally, there are the axes joining the midpoints of opposite 
eiges, as WN" in the figure. There ure six of these axes, a rota- 
tion shout each of them through LS) degrees carries the cube into 
itenlf. 

(All Ghees groups are treated in Kasaw’s “ Vorlornpon ther ass Tko- 
seule." 
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from the three types of uxes we have 9 + 8 + 6 = 2 rota- 
itons. To these we add the identical transformation; that is, 
the case of no rotation. The growp of rotations which carry the 
cule indo ttf consats of Zt ratatzens. 

The corresponding group in the z-plane consists of 24 lincar 
teansformations, The sctting up of these transformations is a 
mere matter of. ulgebra. We have, first, to find the two points 
where an axis of rotation meets 2. We next project the two 
pointe on the z-plane (Mquation (10)). Let 2), # be the pro- 
jocted points, We then set up the transformation 


FB ag PRs: (13) 
where 0 is the angle through which the cube is rotated. 


Woe consider a few examples from Fig, 56. The points 141, 0, 0) and 1’ 
(—18, 0, 0) project into =~ land 2: = <1. The angle @ is /2, x, o 
fet soe* @ a, —1, —i The three transformations corresponding to the 
rotations shout £4" are 

z'-— 1] e-tl 
erin *syr * 
The points Ml Lid, — 2A, B73) and AEB, LW, 1A) 
a oes 1+? i+s 
peuject into, fram (10), o) = — vi — i’ a7 w+ 
de /B; atte Lel—1 + 4/3) of 19f—1 — VS). On substitating in (13) 
we have the desired traneformatiins, 

The points N(—1/4°2, 0, L/a2) and NY(ts 472, O —1L/ x02) project inte 
a = = is/S + ll ond as = VS — 1. Here 8 = rande’ = —1. On 
exbestituting into (13) and simplifving we have 
aaa (14) 
z+ 1 

The points K and K’ project inte © and O, respectively, Tho correspoeel- 
it transformations in the plane are the rotations 2’ = 2, wheee & = & —1, 
—i. The three moftations are powers of the transformation 


x = Te) = i. (15) 


=, «Eb, =. 


Here 6 =~ 22/3 or 


2 = S(2z) = — 


it is evident that, if an axis passes through the midpoints of 
opposite faces, the corresponding three linear transformations 
are powers af a single transformation af period four, Tf the 
&xis joins opposite vertices, the corresponding two transforma- 
thins ane powers of a transformation of period direc. If the 
axis joins the midpoints of opposite edges the corresponding 
linen transformation is of petiod foo. The fixed points of the 
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elliptic transformations which form the group are thus divided 
into three sets. All the fixed points of any one of the sets are 
congruent. Thua, X ean be carried into L, X', L’, or any point 
at the end of an axis of the came kind, by means of a rigid motion 
Which carries the cube into itself, Henee, the projections of 
all thease points are congruent. But A cannot be so carried inte 
Moar. Similarly, the pointa corresponding to the ends of the 
axes of the kind to which WM’ belongs are congruent. The same 
is true of the points correaponding to V, N’ and similar pointe. 

We can form a fundamental region for the graup by con- 
structing the isometric cireles, We shall, however, proceed in 
a different manner, Consider the triungk MJIG, in the figure, 
formed by joining the vertices at the enda of an edge to the 
midpoint of an adjacent face. By a suitable one of the rotations 
about ALK’, the triangle can be carried into another such triangle 
abutting along the side MF, or one abutting along HG. By the 
rotation about WV", we get a triangle: abutting along WH. If 
we praject the triangle MWHG on the surface of the sphere, the 
ongin being the center of projection, we have the apherical tri- 
angle formed by the ares of great circles KM, KN, MNH. This 
spberical triangle is & fundamental region on the ephere for the 
group of rotations. Its stereographic projection in the 2-plane 
is & fundamental region for the group of linear transformations, 

Let tw, Iv, x, 2x (©) be the projections of M,N, H, K. 
Then the fundamental region has two pairs of congruent. sides, 
The transformation T (Equation (15)) carries 2x%y inte t¢zy; the 
transformation S (Equation (14)) carries zyzy into zyzy. There 
are threo cycles: 2, constitutes a cycle of angle #/2; zy is a 
eyele of angle +; and 2 and zy constitute a cycle of angle 2/3. 
Thess cyeles give the relations 7* = 1 and S? = 1, which we 
know already, and (ST)* = 1, which is easily verified. 

We can construct 23 other triangles on the cube by jotning 
the ends of an edge to the midpoint of an adjacent face, We 
can carry MAG into any one of these by a suitable rotation. If 
thes: 23 triangles be projected on the sphere and then projected 
stereographically on the z-plane, we have the 23 regions congruent 
to the fundamental region constructed above. 

The transformations S and 7 connecting congruent sides of the 
fundamental region are generating transformations for the group. 
For, by the combinations of S and T, we can construct regions 
adjaccnt to the fundamental region, mgions adjacent ta the new 
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regions, and so on as long u# there are any free sides, We thus 
cover the whole plane; and all the transforms of the fundamental 
region are accounted for, 

The preeeding group of 24 linear transformations is known 
as the “octahedral group.” This name is duce to the fact that 
it is the group arising from the regular octnhedron. Let the six 
intercepts of the sphere on the coordinate axes—A, L, A’, cte-— 
be joined by lines to form a regular octahedron (Fig. 37). The 
octabedron admits the same rotations about AK’, LL’, ete, as 
the cube, Itis cusily seen that an axis, as Mf Mf", joining opposite 
vortioes of the cube joina the midpoints of opposite faces of the 
octahedron; that an axis, ox 
NN‘, joining the midpoints of 
opposite edges of the cube 
also joins the midpaints of 
opposite edges of the octa- 
hedron; and that the orcta- 
hedron and the cube admit 
the sane rotations about these 
axes, 

56. The General Regular 
Solld.—Let the number of 
faces of the solid be F, the 
number of its vertions be F, 
and the number of its edges 
be J. Let pw be the num- 
ber of edges bounding each face, and Jet » faces meet at the 
vertex. 

The number of rigid motions carrying the regular solid into 
itself is easily found. ‘The solid can be brought into coincidence 
with itself so that a given edge ashy is made to coincide with any 
edge a,b, or with ba, Then the number of rotations carrying the 
tegular solid inte itself is egual to 2K. 

Let the regular solid be inseribed in Za, and we project stereo- 
graphically on the plane as in the preceding section, The 
Various fixed points of the linear transformations in the plane 
are the projections of the ends of the dinmeters about which the 
rotations take place. A diameter is an axis about which the 
solid can be rotated into itself if, and only if, it passes through 
the midpoint of a face, through a vertex, or through the midpoint 
of an edge. The number of fixed points of the group is then 
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F+V+H#. Using Euler's formuls, which applies to any 
alinply connected solid, 

V+P=EF+2, (14) 
we have that the number of fired poinia in the group is 2B + 2. 

The rotations about an axis through the midpaint of a face 
are all through multipies of an angle 2-,/u; that is, the rotations 
arc powers of a rotation of perind ». The rotations about an 
axis through a vertex are powers of a rotation of period ». The 
rotation about an axis through the midpoint of a side is of period 
2. These statements are true for the corresponding Lransforma- 
tions in the plane. 

A midpoint of a face can be carried into the midpoint of any 
other face; a vertex can be carried into any other vertex; a 
intdpoint of an edge can be earried into the midpoint of any 
other edge by a rotation which carries the solid into Itaelf, 
Henee, the fixed points of the plane are separated into three 
seis of congruent points: J fixed points are congruent: V others 
are congruent; and the remaining £ are congruent, 

A fundamental region for the group can be wot, as in Fig. 36, 
by joining the vertices at the ends of an edge to the midpoint 
of an wijacent face to form a triangle; then projecting this 
triangle on the ephere; and, thener, projecting stereographically 
on the plane, The transforms of thie fundamental region are 
the like projections of the 26 — 1 other such triangles which 
can be drawn on the solid. The congruent sides of this funda- 
mental region are connected by a transformation T of period « 
and & transformation S of period 2. S und 7' are generating 
transformations for the group, They are connected by the 
relation (ST)" = 1. 

In the following table, the various regular solids are listed 
with the number of their faces, vertices, ete, In the last column 
N (22) is the number of transformations of the group: 


Taste I 

ese as: | E | an ee | ON 
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The dibedron is an ideal solid of zero volume. Let a rogular 
polygon of n sides be inscribed in Q,, the equator of 2». We 
shall look upon this figure as a regular solid with two coincident 
faces. The line AK’ is an axis about which the figure can be 
rotated into itself through multiplea of the angles 2-/n. Also, 
any diameter through a vertex or through the midpoint of a 
side of the polygon is an axis about which the figure can be 
rotated through the angle x inte itself, The group of rotations 
of thia figure also carries into iteclf the double pyramid formed by 
joining K and K’ to the vertices of the polygon inscribed in Qo. 
This latter figure, however, is not a regular solid. 

We note the same sort of duality between the dodecahedron 
and the icosshedron that exists between the cube and the ortake- 
drow. Tf we interchange the numbers # and V and the numbers 
a and vin the tabulated values for the dodecahedron, we have the 
entries for the icosahedron. It is not difficult to verify the fact 
that the icosahedron can be 90 placed as to have precisely the 
sarne group of rotations as the dadecabedron. ‘The axes joining 
the midpoints of the opposite faces of one aolid are made the axes 
joining the opposite vertices of the other, 

Two further groups remain to be mentioned. The fowr group 
corresponds to the four rotations of the sphere 2, which carry the 
real axis into itself and the imaginary axis into iteelf. It may be 
regarded a8 a limiting case of the dibedral group in which n = 2. 

There is, finally, the simplest of all the finite groups—the 
elliptic cyclic group. This group haa two non-congruent fixed 
points. We can give it a geometrical origin, if we like, by 
considering it as arising from the group of rotations which 
cartes into itself a regular pyramid formed by joining the 
vertices of a regular polygon inseribed in (, to the point A. 

We have found five types of finite groups of linear trans- 
formations: the elliptic cyclic growp, the dihedral growp (including 
the four group), the fefrakedral growp, the oclahedral group, and 
the rcavahedral growp. Each of these groups can be transformed 
after the manner of Sec. 15, to get other finite groups. The 
possibility of further finite groupe will be investigated in the next 
section, We shall find that there are no others. 

67. Determination of All the Finite Groups.—\We first prove 
the following theorem: 

Treorem 2.—J/ « growp containa tooo non-parabelic Lransforma- 
tions whick hase one fired point in common and the other fired 
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points different, then the group contains parabolic transformations 
verth the common point as fired point. 

Let the group be so transformed that © is the common fixed 
point and @ and 1 are the remaining fixed points. The two 
Lransformations are then of the form 


S,— Kyu, S; = K,fz—1) +1, K,#1,K: #1 
Combining thee in the product given below, we find readily 


U = 818,8,3-1 = 2+ Ara UK = 0), 
i 


This & « translation; that is, a parabolic transformation with = 
as fixed point. Any power of this transformation Uo, ns 0, 
is parabolic with 2 as fixed point, 

A finite group has only elliptic transformations, It followa 
from the preeading theorem that all transformations of the 
group which have one fixed point in common have the second 
fixed point in common, also. If » érunsformations fineluding the 
identical transformation) have a common fixed point, & we shall 
call ¢ & fixed point of order ». These transformations form 
a cyclic subgroup; and the transformations arc powers of a trans- 
formation with multiplier e+, Congruent fixed points ure 
of the same order, Thus, ife’ = Te); and 8,7 = 1,3,... an 
the trnsformations with « as fixed point, then the » trans- 
formations 78,7'-', and no others, have e’ as fixed point. 

Given a finite group of N{>1) linenr transformations, so 
transformed, if necessary, that » is not a fixed point for any 
transformation. Let J? be the fundamental region exterior to alll 
the isometric clireks. We shall investigate the cyqles of the 
region. 

Let # be a vertex belonging to a cycle of angle 22/k, k > 1. 
Then we found in Sec. 26 that zo is a fixed point of an elliptic 
transformation with multiplier 2%, There is no transforma- 
tion with 2) as fixed point and with multiplier ¢® where 0 < 9 < 
2e/k; 80 2 8 & fixed point of order b. 

Consider now a fixed point ¢ of order » lying outside R. There 
is & point ¢° congruent to ¢ lying within or on the boundary 
of R. But ¢ is the fixed point of an elliptic transformation 
of order », and has isometric circles passing through it. Hene, 
cisavertexof &. That is, eck fixed poind of order p ig congruent 
to a werler of RB belonging fo a cycle of angle 2r/'r. 
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Let a, b be finite inner points of KR, We form the function 


(¢ — a)(t; — @) - - - eur 7 @) oi 
I) = ba = By > exes = 8) M7) 
where 2), 2, .. + 2v-; ame congruent to z. This funetion is 
automorphic with respect to the given group, since if z be trans- 
formed into 2; the variables z, . . . , ze; are permuted and 
fiz) is unaltered. It has zeros of the first order at @ and the 
points congruent thereto and poles of the firat order at 4 and 
congruent points, It has a aingle pole in &; hence, it takes on 
every valuc onee in J? (See, 42, Theorem 11). 

The proposition that an automorphic function takee on every 
value the same number of times in the fundamental region 
requires that we count the values in a particular way at the 
vertices. Let fiz) = A; and let f(z) take on the value A + 
times, We count the value A as taken on r/f times in the 
vertices of the eycle (Sev. 42 (2)). In the present cam, r/t = 1; 
whence, f(z) takes on the value A exactly & times at 2,, The 
derivative, f(z), has k — | aeros nt zy. 

Now let us look upon fiz) as a rational function in the whole 
plane, It has N poles; so it takes on cach value ¥ times, 
it takes on the value A only at the vertex z) and the points 
congruent thereto; and at each such point it takes on the value 
é times. It follows that the point 2, and the points congruent 
to it form a set of N/k congruent points. Since any fixed point 
is congruent to a vertex of 2, wo can state this result. as follows: 
A fired point of order » belongs to a set of N/y congruent fired 
pornts. The order of a Rred point t2 a audmoultiple of N. 

Consider f’(z). Since fiz) has N poles of the first order, its 
derivative has ¥ poles of the second order. Henee, f(z) has 2N 
venas. The roots of f(z) can all be located. At a finite point 
which is different from a fixed point, f’(z} #0. Otherwise, 
Siz) would take on its value twice at the point; this is contrary 


. to the fact that fiz) takes on no value more than once in & or in 


any of the regions congruent to R which cover the plane. At 
infinity we have developments of the form 


fis) cot 8 fish Bhs: 


Here, ¢, * 0, since f(z) takes on the value c, only once at infinity. 
Henee, f(z) has a zero of the second order at infinity, The 
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reinaining zeras of f(z), 2V — 2 in number, are at the fixed 
points 

Let the fixed points of the group fall into 2 sete of congruent 
points, Let the orders of the points of the sets be x), e, .. . . 
y,. Then the sets consist of Nip, Nive . . . Ni», points, 
respectively. Summing the zeros of f’(z}) and equating to 
2N — 2, we have 


“4 N 
a {7,—1} = 2N — 2, 


ii 


i\ _ 2 
( - 2) =2-+ (18) 
The integers V and », for any finite group must satisfy (18), 
Here N > 2 and » = 2; also NV» is an integer, We have 


6 > 1; for iss = 1, the first member of (LS) is less than | and 


the second is grester than or equal tol, Also, 2 <4: forl — ; 
= 5 and the first member equals or exceeds #2, which is greater 
than the seouid member if s » 4. There are then two cases to 
consider ¢ = 2 and 2 = 3. 
If s = 2, (18) becomes 
1 1 Sea RE | bea 
Dams Fie ea a yy whens + = 2. 
We have N/v, = Ni/vg = 1. Hence, V may be any integer and 
y= 7, = N. The two sets of congruent fixed points contain 
one point each; and each fixed point is of order N, The groups 
satisfying these conditions, obviously, consist of the eyelic groups 
of N transformations. 
If s = 3, (18) reduces to 
| 1 1 2 
- + rs + 5 — ] + NV (1) 
Let the subecripta be so choeen that a, = es & my. Then», = 2 
for, otherwise, the first member docs not exoved 1. Then, 


He Freer: Use | 
Nim Be (20) 


Then, vy ~ 2 or = ~ 3; otherwise, the fret member doce not 
exoomd 44. 
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Hf vw = 2, we have x) = N/2 If N is any even number, 
N = 2n, the equation can be sstished. 
If »» = 3, we have, from (20), 


l 1 2 
me OTN @l) 


whener, ey» < & We find that each of the possible values 
>», = 3, 4, 5 gives an integral value of VN; namely N = 12, 24, 
60, respectively. 

We have found then that, except for the cyclic group (¢ — 2), 
all finite groups have three sets of congruent fixed points. The 
orders of the points, the numbers in each eet, and the total 
number of transformations are only such as appear in the 
following table: 


Tasis It 








That there actually exist finite groups corresponding to the 
poesibilities set forth in Table Il & evident on an inspection of 
Table I. In that table, there are three sets of congruent fixed 
points containing #, V, and & points. The corresponding 
orders are wg, v, and 2, respectively, The first possibility in 
Table I] is realized in the dihedral group (in the four group, if 
% ~ 2), the second in the tetrahedral group, the third in the 
oetahedral group, und the last in the icosshedral group. 

THEOREM 3.—T'here are no finite groups of linear transformations 
other than the elliptic~yelee groupe, the groupe of the requlur eoluts 
(including fhe four grown), and the transforma of these latter groups 
by means of Linear fransformations. 

We have found that when s = 2 the only groups arising are 
the eyelic groups. We shall now show that any group with three 
ets of congruent fixed pointe is the transform of a group 
irising from one of the regular solide. We shall prove (which 
inounts to the same thing) that if two groups have the same 
vulues of »;, #2, vs one is the transform of the other. 
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Given two Gnite groups with the same values of py, v2, v5. 
Let each be so transformed, if necessary, that = is not a fixed 
point. If the transformed groupe are the transforms of one 
another, the same is true of the original groupe. Let the group 
S consist. of the transformations 8)... ., Sw» and have the 
fixed points 4), @3,-.. > Gy/-, of order », the fixed points 
be, bs, et gs by i», of order Pa and the fixed points Cis Ca, s vy 
Cxje, Of Order ». Let the group 3° have the transformations 
Sy‘, ... , Sy’, the fixed points a,’,... , @’yy,, of order »;, the 
fixed points 6,,..., Uys, of order »», and the fixed points 
Cy, 2 ss Cys, Of Order Py. 

We now use formula (17) to set up an automorphic function 
fiz) for the group S and an automorphic function f,{z) for the 
group S° where the constants @ and 6 in the formula are different 
from the fixed points. Let fia;} = A, f(b) = B, fics) = C; 
fila’) = A’ SKB?) = BY Sle’) = C'. Lett = fat, + bf fet, + 
d) be the transformation carrying the distinct points t, = A’, 
i, C" into the distinet points A, 8B, C, respectively, and form 


the function ‘Se : 
Fiz) = as le) + & 
@) fi(z) +d 
Then, F(a") = A, Fb’) = B, P(e’) = C, The functions F(z) 
amd f(z} have N poles each, and, hence, take on any value NV 
times. 

We shall repreeent the group 8 in the «plane and S’ in a 
second or z’-plane, We shall set up a correspondence between 
the points of the two planes by means of the equation! 

F(2") = fiz). (22) 
‘To ench value of z there correspond N values of 2; for a given z 
determines one value of f(z) and this value is taken on by F(2") 
at VN points 2. Likewise, to each 2° correspond N values of 2. 

If ¢ = ay, by, ce then f(z} is distinct from A, B, C and the 
corresponding values of 2° are N distinet points in the 2’-plane. 

if z = aj, then fiz) — A and the corresponding values of 2’ 
fall into Nr, seta of p, equal values exch; namely, 2 = ay", 
ay, ... Consider the arrangement of the »; values of 2’ in 
the neighborhood of a,’ when z is in the neighborhood of ay. 
We have the following developments in the nvighborhomla of 


‘This correspondence wae suggested by Prof. P. Koebe, 
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the points in question, since cach function takes an its value »; 
times: 
fiz} = A+R — ad" + ees, k #0. 
Pie At RS — aie ee, i #0. 


Then, (22) becomes 
fe — af) te Dm fm aR + ++), 
Extracting the 2,-th root, 
fe — a/R pee male = allen pd, 
a=a1,2,.--. Ps, 
where ¢ . ~~. » are the »-th roots af unity. From these we 
have the », developments in the aecighborhood of a,, 


iL lew, 
z' rE a+ €. (;) (= ze By) + wars 


Hence, although v, values of 2" become equal at a,, these values 
belong to distinct branches. Similar reasoning applies to 6, 
an Ce. 

The relation (22), then, gives in the nvighborhood of any 
point af the z-plane N distinct function elements. These 
elements combine to form N single-valued functions of z. Other. 
wise, since there are no branch points, the N sheets bearing the 
values of 2 are not connected, Consider one of the functions, 
cow T(z). To each value of z there corresponds one and only 
one value of 2’. Interchanging the réles of 2 and 2’, to each 2 
there corresponds one, and only one, z Henee, 2’ = T(z) is a 
linvur transformation (Sec. 1, Theorern 3, Corollary 1). 

The traneformation T carries the fixed points of the group 
& into the fixed points of the group 8"; sinee when z = ay, by, ¢; 
then Viz) = a’, 5’, cf. Then the group Uy - TS,T-' is a 
croup with the same fixed points and of the same orders as the 
group S*, Is the group U the same ws the group S‘? 

Let U; and S/ be transformationa with the fixed point a;’ 
and the same multiplicr. We shall show that the second fixed 
points are identical. Suppose they are different. We combine 
Uy and 8, in all poesible waya to generate a group T’, A point 
a," (9fa,") is carried by each of the transformations into another 
of the points ay’; that is, a," has a finite number of distinct 
trunaforms by the group T. But I containa parabolic 
transformations with a, as fixed point (Theorem 2); and by 
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repetitions of such a parabolic transformation a," has an infinite 
mumber of distinet transforms ‘This contnudiction proves 
that OU and 5," have the same fixed points; whence they are 
identicnl We thus identify cach transformation of 0 with a 
transformation of S’. The group 8’ is the transform of S 
by a linear transformation, which was to be proved. 

The Polyhedral # unetions.—The automorphic functions belong- 
ime to the finite groupe, which, owing to their connection with 
the regular solids, are called "polyhedral functions,” are readily 
eet up. The funetion f(z} in (17) takes on cach value onee in 
the fundamental region, Hence (Sec, 43, Theorem 14), the 
most general sisnple automorphic function belanging to the group 
is a rational function of fis), 

58. The Extended Groups.—Intimately connected with the 
rotations which carry a regular solid into iteelf are the refieetions 





in planes of symmetry which, likewise, carry the solid into 
itself. In the cube, Fig, 36, there are nine planes of symmetry: 
three planes through the midpoints of four faces (the coordinate 
planes). and six planes containing oppoeite edges. These planes 
interaeet the sphere Z, in nine great circles, These circles are 
projected stereographically on the z-plane in Pig. 38 The real 
and imaginary axes and the unit circle Q, arise from the fires 
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three planes of symmetry mentioned above; the remaining two 
steaight lines and four circles arise from the latter sx planes. 

What is the transformation of the z-plane corresponding to 
a reflection in a diametral plane of the points of =<? On making 
the inversion which prajects Sy stereographically on the 2-plane, 
a diametral plane 1 through a great circle C is carried into a 
sphere = through €", the stercogmphiec projection of C.  Sinee 
(t is orthogonal to Dy, 3S t& orthogonal to the 2-plane anc less C* 
as equator, Two points on 2» inverse with respect to Tl are 
carried into two points of the 2plane inverse with respect to DS 
and, hence, inverse with respect toC’, Henee, if the points of 2, 
be transformed by a reflection in II the corresponding pointe of 
the s-plane undergo an inversion in C’. Reflection in the nine 
planes of syinmetry of the eube, then, correspond to inversions 
in the nine circles of Fig. 38, 

The planes of symmetry divide the surface of the cube into 
48 egual triangles. One such is the triangle C/FP formed 
by bisecting the triangle M/IG by a line from G to the midpoint 
of Mi. This triangle projects on the triangle AN// on the 
spbere and the Iatter projects stercvographically on the shaded 
iriangle in the upper left hand corner of Fig. 38. The triangle 
VPM corresponds to the unshacded region in the lower left-hand 
corner of Fig. 38; and the remaining triangles on the eabe cor- 
respond to the remaining triangles of Fig, 3, 

Now, ket us form a group by combining the reflections in 
planes of symmetry io all poesible ways, Each euch reflection 
carries GHP into one of the 45 triangles on the surface of the 
eube. Further, by suitable sequences of such reflections, 
the whole surface of the cube: can be covered; that is, GP can 
be «carried into any other triangle. It is easily seen that two 
such sequences which carry G//P into the same triangle transform 
All paints in the same way and so are identical. The group thus 
containg exactly 48 transformations. In the z-plane the cor- 
repomding transformations carry a given triangle of Fig. 3S 
into each of the triangles of the figure 

This group in the 2-plane is known as the “extended group.” 
lt is found by combining in all ways the inversons in the nine 
circles in Fig. 38 Sach triangle is a fundamental region for 
the group. The transformations arm of two kinds. An even 
number of inversions is a linear transfarmation; an odd number 
is an inversely conformal transformation of the plane into itself, 
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and has the form 2’ = (a3 4- b)/(eF + d) (Sec, 5, Equation (23), 
There are 24 transformations of cach kind. The former cor- 
respamid to the rotations of the sphere which carry the cube inte 
iteelf, since an even number of refiections in dinmetral planes is 
equivalent to a rigid motion. Among the inversely conformal 
transformations are the nine inversions from which we formed the 
group, 

If we shade the alternate triangles in lig. 38, we note that a 
transformation which carries a shaded triangk into a shaded 
triangle or un unshaded triangk into an unshaded triangle 
is a linear transformation; a transformation which earnes a 
shaded triangle into on unshaded triangle ov sice versa is a 
transformation which reverses the sign of the angle, The former 
#4 transformations constitute the octahedral group, A shaded 
and an unshaded region together constitute a fundamental rogion 
far the group. . 

It is easy to see that the extended group can be renerated 
by three inversions; nately, in the sides of any ane of the tri- 
angles of the figure. By repeating these three inversions, any 
triangle of the figure can be carried into any other. 

The groups of the remaining regular solids can be extended 
in & precisely similar way. We shall not treat the several cases 
indetail. By repeated reflections in planes of syminctry, a given 
exige ayb; can be carried into an edge ad in four waya—so that 
aebo coincides with ad; or with bey, and so that angkes are 
preeerved or angles are reversed, The extended group our. 
responding to the sequence of refiectiona then consists of 4B 
transformations, where & is the number of 

The planes of syminetry divide the surface of the regular 
solid into 44 triangles, each formed by joining the midpoint of 
& face to the end and the midpoint of an adjacent edge. The 
projection of these triangles on the sphere and thenes on the 
2-plane gives a system of triangles with properties analogous to 
those of Fig. 38. From the tetrahedron we get 24 triangles; 
from the icosahedron 120; from the dihedron 4a. In each Ca, 
half the transformations are linear transformations and half are 
transformations with reversal of the sign of the angle. The 
former constitute a subgroup identical with the group of the 
regular solid, 

The extended groups will reappear in a later chapter in the 
etudy of the Riemann-Schwars triangle functions, 
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Il, THE GROUPS WITH ONE LIMIT POINT 


59. The Simply and Doubly Periodic Groups.—The groups 
with one limit point are of particular interest. They cotnprise 
the groups whoee automorphic functions—the simply and doubly 
meriodic functions—have been studied more than any other 
automorphic functions. Further, as we shall find later, these 
croups form one of the three classes of groups whose automorphic 
functions are employed in the simplest theory of uniformization. 

A group with but one limit point can contain no hyperbolic 
or loxedromic transformation; for each of the two fixed points 
of such a transformation is a limit point. Each transformation 
of the group is either parabolic or elliptic. Lach transformation 
has the limit point as fixed point; otherwise, the limit point 
would have a transform which would be a second limit 
point. The group cannot cansist entirely of elliptic transfor- 
mations, For, the second fixed points do not all coincide; 
otherwise, the group would be a finite cyclic group. It follows 
fram Theorem 2 that the group contains parabolic transforma- 
tions The group, then, consists cither of parabolic transformn- 
tions alone or of parabolic and elliptic transformations. 

Let the group be so transformed that the limit point le carried 
to infinity. Then all the transformations are of the form 


x = Kz + b, 


where A ts the multiplier of the transformation, The parabolic 
traneformations (AK = 1) are translations; the elliptic tranefor- 
mations are rotations. 

If the group contains only translations, it is either a semply 
periodic group with a period strip (Fig. 12) as fundamental 
region or a doulty period group with a period parallelogram 
(Pig. 13) as fundamental region, 


We prove thesn facts briefly. The teanalations are of the form S; = 
2+ %, (& being called a “perked.” We have SyseSyre Sy = 2+ 
i, Oy + weelly + + «+ + my: that &, any linear combinatson of perkels 
with intogral coclicsents ix wn perkxl. Now, let all the periods be plotted in 
the complex plane, ‘Thee points have no ebuster point. If there were a 
cluster point, the transformation S.S,~! = 2 4 9, = 0), aber: amd 2, are 
taken eafficiently mear the cluster point, would have an arbitrarily small 
Period; and the group would be continuo, 

Let w be o menrest period to the origin; that is, one of the finite sumber 
at the minimum distamec. Let L be the line joining the origin to « and let & 
be any perkel tying on L We can write 2 = Me, where Wis real Wo 
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shall show that Af is an integer. Suppose not; and let m be the nearet 
integer to MM. Then |W — wm] 4 $6; and the period 2" = & — noc is such 
that || = |(W = whe © Jgle|. This is contrary to the aermption that 
«@ the nearest period to the origin. The tramsformation S « s+ a hb 
then o power of T = ¢ + a; namely, Sw FT Of all the periods Be on b. 
the group is the simply periodic group generated by 7’. 

Pappeco, next, that ther are periods not ving on £. Let wo’ be at the 
ihininvum distance from the origin ameng thee, Then any perks! in the 
phust can he written OQ = Me + M'w’, where Mand M'arereal. We now 
prove that Wo amd Af are both integers. Suppose nots and bet mm ond ai” 
he the mearest integers to M, M’, Then [Af — mi 34, [M’ — m'] © by, 
Conm=ader the period 

a =  — (mw + wo'e’) = (A eho + CM — mbes’ OO 
Here we have 
[Bp] + Nl] = |o'L 
This is impoeetblo undess a lies on £. But, then, M’ — we! @ Gand |e] < 
3g/ul, Whoch in impeeeihle, It follows that Af amd MW’ ary integers, 

A transformation of the group, S = z+ @ cas then be written in the 
form S= 77", whee Te z+a, Ty # 2+". The group is the 
fovbly periodic group generated by 7 and Ty. 

We can assume, without loss of generality, that a period of 
smallest abeolute value is 1, Let G = z/a, where w isa smallest 
period, and transform the group by @. 


S=2+9, GSC = Gus +9) — 2+ 2 


When & = w, the periodis 1, Otherwise, |{)'w! > 1, since |] > Jat. 

The most general group with one limit point and containing 
only parabolic transformations fs the transform of s simply or 
doubly periodic group. 

60. Groups Allied to the Periodic Groups.’—We now consider 
groupe containing parabolic and elliptic transformations. We 
show first that the multiplier of an elliptic transformation is 
limited to a small number of possible values, Let S = 2+ 02 
and §, = Kz + 6 be @ parnbolic and an elliptic transformation 
contained in the group. Then the transiation 


S\SS\-) = 8(*% nt a) =z:+KaQ 


has the period At. Let the minimum period be 1; then, taking 
f= 1, K isa period, Now, the multipliers of the transformn- 
tions with a common fixed point of order » are 

K,{ = e?r«"*), K., ee + Ko). 


' For the treatinent in this motion and the next see Korae, P_, Moth. Axn., 
vol. 67, pp. 164-168, 1908. 
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These multipliera—the e-th roots of unitylic on the unit 
circle (2s, 

The possible values of K and the periods +1 must be so 
spaced about Q, that the distanes between any two distinet 
perils is mot less than 1. Otherwise, 
chere isa period of smaller absolute value 
than 1, contrary to hypothesis. [fr >7, 
(Fig, 2) we have |X, — 1| < 1, which 
is imposible. If » = 5, we have |K,’ 
+1 < 1, whichis imposible, Hence, 
» is limited to the values 2, 3, 4, 6. 
Also» = 4 and » = 3, or » = 6, cannot 
noth appear; since |X, — Ay) < 1 and 
Ky, — Ae < 1. 

Two elliptic transformations with the 
game multiplier, 8; = Az +b, S: ~ Kz + 6’, have constants 4, 
6” whieh differ by a period. For, 


S.5,-* = K(x) $B ek WB, 





which has the period 5’ — 5. Conversely, if @ is any period, 
there is a transformation with the multiplier A and the constant 
& + 2; namely, where S = «+ @, 
SS, = Kz + h “be 1), 
Then all transformations with the multiplicr X which the group 
contains, and no others, are comprised in the formula 
S;= Kze+b+ 2, (23) 
where 6 is the constant for one such transformation and { ixany 
period or xero. The finite fixed point of (23) we find to be 
b+ 2 
EIS 
In locating the Gxexl points fromn (24), it suffices to find those 
which lie in a period strip or period parallelogram of the subgroup 
of translations The remaining fixed points differ from these 
by pertods. For, if U is any transformation of the group, 8,0! 
has the same multiplier as 5, and has the fixed point (7(é), In 
particular, each fixed point has a congrecnt fixed point lying in 
the period strip or period parallelogram. 
re treat first the case in which » ~ 2 for all the fixed points; 
s K = —1, We can transform the group by a translation 


(24) 
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carrying 6 to the origin; so we can take 6 = 0, The resulting 
transformationa, 


S.= —2:+ 2, T; = 2+ ,, 


where the 7’; form a simply or doubly periodic group, are easily 
shown to be a group. The fixed points, from (24), ure £; = 
2,/2. The location of the fixed points (marked “2"') in a 
period strip and a period parallelogram are shown in Pigs. 40 and 
41. The half of the strip or paraliclogram whoee congruent sides 
are jolnod by arrows i a fundamental region for the group, We 
verify readily that certain transformations carry the region inte 
regions abutting along each of ite sides, and that all exerpt the 
identical trinsformution carry it outside itself, 





Poa, 41), Fia, Al. 


If » > 2, the subgroup of translations cannot be simply 
periodic, For A, ia then a period which is not a multiple of L. 
Sines A, is at a distance 1 from the origin and no period can be at 
a leas distance, we mnay, accorling to the previous section, take 
K, ws the period of the second generating transformation. The 
doubly periodic subgroup is generated by 7 = z+ land T, = 
z+ K,.. The doubly periodic group is, thus, a very special one, 

Consider the case » = 4. We have Ky =i, Ag = —1 = Kz, 
Ki — =i Since A,‘ — 1, we may write the transformations, 
both elliptic und parabolic, in the form 


S, 2 Age + 0, = Ayz tm + mi. 
kth group properties are readily estalfished for these trans- 


formations 
For K = iand K — ~1 we have from (24) 


tm + md _ (1 + #) (me + me's) f, = ME 
“-t 2 eae ae 








& = 
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The first formula gives the points marked “4"' in the period 
parallelogram in Pig. 42. The seoond gives those marked 4" 
and in addition theee marked “2."" These latter points are of 
ander 2. The fixed points when K = —i are, of course, the me 
as those for K = £ We can show easily that the square whoa 
congrutnt sides are connected! by arrows lz a fundamental region 
for the group. 





Fis. 2 
The case » = t and » = 6 are pictured in Figs. 43 and 44, 
The group in each case is 
Sim Kiet mitm’K, wn =1,2,-++,» 
The fixed pointe are located as in the preceding figure. In the 


latter case there are fixed pointa of three orders, 2, 3, and 6, 
In Fig. 4d, the parallelogram has been drawn from the periods 





Fre. 4% Fie. 44 


1] and Ky + 1{=X-); this latter period is at o distance 1 from 
the origin ancl may be used, as well as A, itself, as the period of 
the sceond generating transformation. 

We observe that in Figs. 42, 43, and 44, the transformations 
connecting congruent sides of the fundamental region are elliptic 
Each of these groups ix generated by rotations. 

The groupe constructed in this axetion, together with their 
trunsforms by means of lincar transformations, include all 
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the groups with a single limit point whieh oontain elliptic 
transformations. 

61. The Automorphic Functions.—We shall now set up all the 
ample automorphic functions for the groups with one limit point. 
We supposes the group so transformed that the limit point is at 
infinity, the smallest period is 1, and an elliptic point of highest 
order {if elliptic points exist) is at the origin. 

For the simply periodic group, the fanction o®* is an aute- 
morphic function taking on cach value once in the period strip. 
Heneoe (See, +3, Theorem 14), the most general simple automorphic 
function connected with the group is & rational function of e2*. 

In the group of Pig. 40, the function ens 2+z is a simply periodic 
function which takes on each value twice in the period strip 
(ainoe it has two xeras, z = +34, in the strip). Now coe 2x 
(—2) = cos 2rz, The function thus admits the elliptic 
renersting transformation; so it is automorphic with respect to 
the group of the figure. It takes on each value once only in 
the upper half of the strip, the other value being taken on in the 
lower half. According to Theorem 14, cited above, the most 
general simple automorphic function connected with the group is a 
rational function of cos 2re, 

The group of Fig. 41 is treated similarly, The Weierstrassian 


the summation being extended over all non-zero periods 9, is 
a doubly periodic function with a pote of the sexeond order in the 
period parallelogram. Henee, Piz) takes on each value twice in 
the period paraliclogram. But Y{z) is an even function, 
P(—2) = Blz)—as we oe on changing z to —z and 2; to —Q,, 
which does not alter the set of periods, Then U(z) takes on ench 
value once in the fundamental region of the figure. The most 
general simple sutomorphic group is a rational function of %(z). 

For the doubly periodic function itself there ia no automorphic 
function with a single pole in the period parallelogram in terms 
of which to express all automorphic functions rationally. Let 
f(z) be a simple automorphic function belonging to the group} 
that is, an elliptic funetion. ‘Then fiz) can be written in the form 


f(z) = Aglfl2) + H—2)] + gl fle) — fl—2)). 
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Here, f{—z) is also an elliptic function. The firet term is an 
even funetion of 2; and so is automorphic with respect to the 
group of Fig. 41, It isa rational function of Bz). The second 
term is an odd function. Now $'(z) is alsa an odd elliptic 
function. Henee, '6/ fiz) — f(—2))/9'(e) ia an even function 
and 80 is a rational function of Biz), The most general simple 
automorphic function is then 
fiz) = RAB] + Ble) RARE), 

where R, and Fy indicate mtional functions. 

Consider now the groups of Figs. 42 to 44. The transforma- 
tions here are of the form 

2; = Ke + oy, nhewl,2,---, 7, (2) 

where » = 4,3,or6. The function Pz) is not automorphic with 
respect to the groups. We have, from Ae 


1 4 
Be) = Gere + a + eA lax: “ob 7 y= 2)? aa| 


1 
a a + : se “(#)|) 


Now, the division of a period 2; by A," =) to (x=) it 
through the angle —29n/» about the origin and carries it in 
cach of the three cases into another period £1", Such a rotation 
curries the Bt of all periods into itself. We have, then, 





i ‘ l BS 
$a) = K. as ile + 41’ |? Ae > Lz + 2; — 2 Laan ot 


= rave + &;') = K. ya) (27) 


For v = 4, (Fig. 42) K =~ +i, +1 and A.* = +1. Then, 
Giz}* is autamarp ¢ with respect to the group. {[{z)" has a 
pole of the fourth order in the period parallelogram and takes op 
each value four times. The period parallelogram contains four 
copies of the fundamental region in the figure. Hener, the 
function takes on cach value once in the fundamental region. It 
follows (See. 43, Theorem 14) that the most general simple auto- 
morphic function belonging to the group is a rational function 
af Biz)*. 
ent eae nee and ef we te 


Plz; pe = K. a {z), = K,*, 
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whexniee, 
’ ener ‘ 
P'(z) = K»® (z). (28) 


If » = 3 (Fig. 48), X, & a enbe root of unity and K,** = 1, 
Then B'{z) ia automorphic with respect to the group. B'(z) 
has a pole of the third order and takes on ench value three 
times in the period parallelogram. The period parallelogram 
contains three copies of the fundamental region of the figure; 
hence, the function takes on each value once in the fundamental 
region, “The most genero) simple automorphic function belonging 
to the group is a rational function of B'(e2). 

If > — 6 (Pig. 44), A, is a sixth root of unity and K.*" = +1. 
Then Y'(2}? is automorphic. This function haa a pole of the 
sixth order and takee on each value six times in the period 
parallelogram, The period parnilelogram contains six capies of 
the funcdarnental region of the figure; henee, the function takes on 
every value once in the fundamental region, The most general 
shaple automerphic function belonging to the group is 4 rational 
function of Y't2)*. 


If, THE GROUPS WITH TWO LIMIT POINTS 


63. Determination of the Groups,—The remnining elementary 
groups—those with two limit pointa—are of leas interest. We 
shall derive them briefly. Given such a group, so transforme:! 
that the limit points are zero and infinity. Then each trans- 
formation must carry 4 limit point cither into itself or into the 
other limit point. The traneformations fe) which have 0 and 
« a8 fixed points; and (6) which carry } to = and @ to 0, are 
readily found to have the following forms: 


fae’ = Ky, (2 = “i. (20) 


The former are hyperbolic, elliptic, or loxodromic transforma- 
tions, according to the value of K,; the latter are elliptic with the 
fixed points ++4/ty. 

Taking logarithms in (29) and setting log z = w, Ing 2° = wo, 
log K; = 2), log cy = 2)", we have 

(a) woe w+ 2 + Qeeri, (6) wi me —0e + 2,5 + Zaz, (30) 
the integers m and » depending upon the values used for the 
logurittuns. If the transformations in (29) form a group, 20, 
alao, do thos in (30), and conversely. The group (29) is can- 
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tinuous or discontinuous according as (30) is continuous or 
discontinuous, Thus, (50) is continuous if it has arbitrarily 
small periods, () +- 2tirf - « Then log 2 = log ¢+.¢ and 
zc’ = 62, which differs arbitrarily litth from the identity, 

The groups (30) ure of the type studied in Sees, 59 and 00 
for » = 2. Suppoee. firet, that the transformations (5) do not 
appear. In (a) we can take one of the primitive periods to be 
u pure imaginary. Since 2+¢ is a period, this primitive period 
ia of the form w = 2wi/k, where & is on integer. If there are no 
meriods other than multiplies of w, the group (50)(a) is simply 
periodic and is generated by the transformation u° @ & + ow. 
The group (20)(@) is then generated by 2° = ez = -V*z, It 
is & finite cyclic group and can be discarded, since it has no 
limit points, 

If (40)(a) is & doubly periodic graup, Iet w, w’ be a pair of 
primitive periods, w being the period found above. Thon w’ is 
not a pure imaginary, The general transformation of the group 
is ec = w+ me + nw’ and the general transformation of the 
original group is 2° = es+t™'z, If & — 1, 90 thatw = 2e, then 
ew = | and the group is smply 7 = ez, Putting K = &, 
K, = &, we have the following types of groups: 

(A) 2 = Kez; (8B) coe KK hs [Kx 1, Ky ow efet 
(A) is a hyperbolic or loxodromie cyclic group. (4) contains 
clliptic and loxedromic transformations and possibly also 
hyperbolic transformations. 

If the transformations {f) appear in (30), they have the form 
(Equation (23) with K = —1) 

wom ma eb + tthe + ee’ 
The group can be transformed by a translation that carries 5 
to the origin (which amounts in (30) to a transformation carrying 
eto 1): 30 we can take b = 0. Fromlogs’ = — log: + me + 
nu’, we get co = emetm so, We have then the following further 
POU pet: : 

(C) 2 = Kez, 2° = 3 : (D) = K*K,"z, 2 = ae. 
For any values of K, X, such that K) x land K, = &**, the 
sets of transformations (A}-(2) form groups of the kind sought. 

The mast general growps wrth feeo Limit points are the groups (A)- 
(D) and their fransforms by means of Neear transformations, 





CHAPTER VII 
THE ELLIPTIC MODULAR FUNCTIONS 


63. Certain Results from the Theory of Elliptic Functions.— 
The earliest sutomorphic functions to be studied were the 
elementary ones-the cirenlay functions, the elliptic functions, 
und the rational or polyhedral automorphic functions, Of the 
non-lementary functions the so-called “elliptic modular func. 
tions”’ were extensively studied before the erection of a general 
theory of Fuchsian functions. By er elliptic moatular function, 
oy more briefly, a modular function, ts meant a simple automorphic 
function belonging to the moduler group or fo one of its awhgroups.* 

In Sec. 37, we constructed the 
fundamental region for the 
mmxlular group, By transform- 
ing the group so as to reduce 
infinity to an ordinary point, 
we could set up automorphic 
functions by means of the theta 
series of Poinearé (Chap, WV), 
Instead of following this proves, 
however, we prefer to follow the 
historical order of development. 
and to derive the modular fune- 
tions in such a way as to bring 
out their connections with the elliptic fumetions. ‘To this end we 
recall certain of the properties of the Weleretraszsian function Biz). 

Let w, w° be a pair of primitive periods so denominated that for 
the ratio 


4 


SG an ee 





Pin. 45. 


a : 
nei ee A WS (t) 


' The moet complete treatice on these functions is Parcen-Keein, “ Vor- 
baungen tiber die Theorie der olliptisochen Modulfunktionen,'’ two volumes 
Of sone L450 pee, See, aleo, Viwarnrs, “ Fonctions poly(driques ct modu. 
lniews."” Brief accounts will be found im Herwire-Covnanr, “ Pumktionen« 
thoorie,” 2nd ed. pp. 220-250, and in Biesennace, Letrbyck der Pomktionen- 
theorie, vol. 2. po. B-114, 
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y i8 positive; that is, which shall be called v and which w’ & 
governed by the requirement that the angle vO’ shall be positive 
and lees than r (Fig. 45). We uae the aymbol 2 = mu + ma’ 
for the general period, The elliptic function 


+33: q BES 1 
ve) = 2+ > Ee, a we “a 
where the summation extends to all non-zero periods, and its 


derivative 
2 oil 
Ve) = — 5-25 Ga 3) 
are connected by an algebraic relation (Theorem 12, Sec. 43). 
This relation is the following 


T(z)? = 48(eP — gsVl2) — gs, {4} 
where 


n- 0 >) 4, o- 1405 2. (5) 


This relation is got most cosly by combining Biz) ond P'(z) inte a 
polynemial in spch « way that tho pole at the origin disappears, Then 
the polynomial reduces to a Ooetant (Theorem 10, See, 42), Im the 
neighborhood of the ovigin, we have 

I 1 de, B®, de, Get 
@—oF "ae tet ot et 


We now insert this value in (2) and sam. We sote that n= a> er 


_ . 


«+ - + = Oby virtue of the fact that the term containing 2 = mu + 'e" 
ie cancelled by the term containing @ = —mu — mw’. We have 


1 "1% oN 
B24 +8") +e'S A +--- 


Os a oat tog 2t + 


or 


Prom this series, wo have, at ones, the following: 

Pic) = ~7 + +i t+ i le ae 

Sic)? = + Bt + a + r 

We’ 4 _ 2: _ 49, - 

Bis}? a* Get 7 + 

On combining the equations we fled 
S'iz)® — APCz)? + eBis) = —oe tot -- 

The first member of this eyuation & an elliptic function with no singalarity 
ty the fundamental region; hemec, it is a Coetant, 
Setting ¢ = UO, we see that its valoc is —g, and (4) is eotabtinhed. 





iM) THE ELLIPTIC MODULAR FUNCTIONS Sec. fit 
The function $'(z) satisties the following: 


=(-3)~23) o(-8)--9(9) 


the first of which follows from the fact that —2/2 and 9/2 
differ by a period and the aeeond from the fact that J'{z) is an 
odd function of z, It follows that if B'(z) is analytic at 2/2; 
that is, if 2/2 is a Aalf period, then Y'(2/2) = 0. Three of 
these half periods lic in the period parallelogram. The three 
quantities 


a1) wah} a-1(0) 


are then the roots of the equation 
4? — tet — g2 = 0. (7) 
The three quantities ¢, ¢, @; are unequal. Q(z) takes on 
tach value twice in the period parallelogram. Since {'{z) 
vanishes at w/2, Bir) takes on the value e, twice there, and so 
cannot take on the value ¢, elsewhere in the parallelogram. ‘By 
similar reasoning ¢: and « are unequal. The condition for 
equal roots in (7) we find readily to be the vanishing of the 


expresso 
A = ge — 2795". (3) 


A 0. 


64. Change of the Primitive Periods —We comdder the 
problem of finding all pairs of primitive periods; that is, periods 
in terma of which we can express all other periods by adding 
integral multiples of the two periods. The periods 

wy) au + hy, a = cw’ + dw (9) 
a, 4, c,d being integers, are primitive periods if, and only if, w, o 
can be expressed as sums of integral multiples of w:,a,;’. This 
curdition is necessary, by definition. It is also sufficient, 
For, any period &, being expresible in integral multiples of 
co, o', 18 then expressible in integral multiples of «,, w,". Solving 
(9) we have 

ot” =e drwy” Pe fhary, co = “pons” oh how, 

where, putting D = ad — by, 


Henes, 


d h c a 
tare 1s 6. — 5 toes 1g a= 7 
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Then oa ie 
at — By = GY = 


If «, & 7, dare integers, then L/D isan integer; whener, D = +1, 
Obviously, if D = +1, the four quantities are integers. Henoe, 
the neceasary end sufficient conditions the! (9) Le primitive periods 
ie thatead -ke = +1. 

‘The ratio of the new periods satisfies the relation 
ws _ a + b 
“ o-+d 
Let us require that the periods be 80 named that in the expreesion 
Tr =~ ti t+ We shall be positive. Then +, as well as + lies in 
the upper half plane. Now, the transformation (10) is non- 
loxodromic if D > 0 and is loxedromic if D < 0. In the former 
case, the upper half plane is carried into itself: in the Intter it 
is carried into the lower half plane. We bave then 


ad — ke = +1. (1L) 


The set of tranaformations (10) is the modular group. 
66, The Function Ji-).--Iexpressing the quantities (5) and 
(8) in terms of the ratio r, we have 


7 aoe ~ eee 

1 Won = OS a 
_ ny 1 

O0 sated Cin + a’) 


, Sy, l l 
i: = s(x, w)= ost tm + wr) A, (path, 1), 


A = Alo, 6) = gylw, ow)? — 2asle, ow")! = te AC], +}. 


{LO} 


tT = 


1 
no ail, 7); 
. (12) 


It is a well-known result that the sericea (5) converge abeo- 
lutely for any pair of primitive periods », «’ whose ratio is not 
ral. Henee, the series for g:(1, 7) and ga(l, 7) converge abso- 
lutely for any value of r which i# not real. We show below 
(hint these series converge uniformly in any cloced region not 
containing real points, From this, it follows that gs({!, 7) and 
@e(1, r) are analytic functions of ¢ in the whole upper half r-plane. 
Sa also, then, is A{1, r). 


We may establish the uniform convergence a1 follows: Let 5 be n closed 
"ton in the wplane not contaiming real points, Let q be tho minimum 
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distance from the boundary of S to the real axis; and let |r] < N in S. 
We now show that « > 0 can be chosen sufficiently small that 


|m + a'r] > elm + m'il; or |m + m's|? — lm + mil? > 0, 


for all values of m, m' in the summation and for all rin S. Writingr = 


x + ty, the first member of the last inequality may be written 
jm + m’x + im'y|? — &lm + m'i/? 
= m? + 2mm'x + m2? + my? — em? — em" 
1 1 2 
= m[ 1 cae e | ob lm = km’ | 
+ m’ ly? — (kt — 1)a* — el. 


Here, since x is bounded, |x| < N, and |y| > 7, we can take k{>1) near 
enough to 1 and e{ >0) small enough that all the terms in the last member are 
positive whatever m and m' are; which establishes the desired inequality. 
The terms of the series for ge(1, 7) are less in absolute value than the cor- 
responding terms of the series of positive constant terms 


J 1 
y lo + m’i|*e 


which is known to converge. It follows that the series for g2(1, 7) converges 
uniformly in S. The uniform convergence of the series for gs(1, r) is simi- 
larly established. 


We now combine the quantities in (12) to form a function 
from which the factor w cancels and which is, therefore, a function 
of the ratio 7 alone: 





g2* go(1 : T)8 
cee ae (CES 8 38) 
The numerator and denominator are analytic functions of r, and 
the denominator does not vanish, in the upper half plane. 
Hence, J(r) is analytic in the whole upper half 7-plane. 

Let w, w’ of given ratio w’/w = 7 generate a group. Then, the 
periods w;’ = aw’ + bw, wi = cw’ + dw, where a, b, c, d are any © 
integers such that ad — bc = 1, are primitive periods for the 
group. Since the new periods generate the original group, they 
lead to the same $$-function and to the same constants go, gs, A. 
Hence, the function J is unaltered. Now, the ratio of the new 
periods r; = w,’/w; is connected with that of the old by Equation 
(10); hence, we have, for any transformation of the modular 
group, | 
ar+b 
er +d 





J = J(r). (14) 
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66. Behavior of J(r) at the Parabolic Points.—.J(r) is analytic 
at all finite points of the fundamental region R, of Fig. 46. We 
now consider its behavior at the upper end of the region. The 
sides which meet at infinity are congruent by the transformation 
7’ =7+ 1. In accordance with Sec. 41, we make the change 


of variable 
i = e?xtr (15) 


This transformation maps the part of Ry above the line DEF, 
with the equation y = k > 1, on the interior of the circle K whose 
equation is |t] = e-***, congruent points on the two sides going 
into coincident points on a radius (Fig. 47). The function J 
takes on the same values at a point of this radius other than the 





| 
| 
R 





Fie. 46. Fig. 47. 


origin, when approached from the two sides, and so is single 
valued and analytic in K, with the possible exception of the 
origin. This is also true of go(1, r) and g3(1, r), for each is 
unaltered by the transformation tr’ = 7 +1. Thus, 


gx(1,7 +1) = oS Pa Adel capil 


, 1 
= 60 > im +m! Fis 
= g2(1, 7), (16) 
the terms of the second sum being merely a rearrangement of 


HG of the sum defining g2(1, 7). Similarly, g3(1, 7 +1) = 
ga(1, r), 
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In order to express g.(1, +) and gaf{l, +) as functions of £ we 
shall employ two well-known expressions for the cotangent: 


« 
‘ 
x coleu = ‘+ a is - ‘| {17} 
“*-— «4 
and 
cot xu =i" re w= cM, 
w— ti 
wheriee, 


xr cot ru = —ail{l + 2w + 2w? + Qw*? +-- - « |, (18) 
We now equate the second members of (17) and (18) and differ- 
entiate, respectively, Uiree and five times with respect to u, using 
each time the relation de/du = 2riw. We have the following 
results: 
1 
“8. errep 


—- —IGet[w+Se*+-- |, 


oe 
-10 Gn aye = Ste tlw + But + « «+ |, 


where the terms 1/nt and 1/u°® have been put under the sign of 
suintmation. Setting w= m'r (m' > 0), so that w = eters 
( we have 


Set, 
2 mee gt BO td 


1 Se* ; 
2) GE wat 7 Tg HF Be td 
We can write? 


F 1 — = 1 
ge(l,7) = ca te me +2 i De tm + mr) 


-—=-s at ae — 
off Desa] 
m= 


t For the firet, nee Oscoon, W. P., Lehrbuch der Funktionenthcone,” Sod 
ed, p, D7. 


r ? 
The values of >, ond > which are used here and in (20) are 


readily got from (17) by expanding ¢ oot ru = ' in powers of u, dilfer- 
entiating throe and five tines, und setting u = 0. 
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Now, the functions in the last summation are analytic in the 
whole interior of K, including the origin. Since the series 
sonverges uniformly on the cireumference of A, the sum is an 
analytic funetion throughout HK. Also, we can collect the 
powers of f, We have 


gill, r) = «4g + 32H 4 - > |. (19) 
Similarly, ? E 
"y : 1 
w= Mol Set? > 2 Gon 9 
a--* w'enl uw @ 


one. 5 OP 
= 140 | ois — a5 Sie + 320 + ] 
“a” =) 


m rMigy — 8G (20) 
Vrom (19) and (20) we find 
A(t, 7) = goefl, r)* — 2igall, 7)* = x(4000f +--+), (28) 


and finally 
J{r) = geil, +)? -_ "($5 4 3208 1 a ~~ 3 


Atl, r} +'(4G0Mit +--+) 


i 
= jo tet oatt :-- (22) 


The function J(r+), when expreesed in terms of f, thus has a pale 
of the first order at = @, 

67. Further Properties of J(r).—The function Jir) bas a 
stnule pale of the first order in R,, according to the convention af 
Sec, 42. Tt, therefore, takes on each value once in Ro (Theorem 
11, See, 42). 

Tueorem 1—The function J(r) takes on cack sulue once, and 
only once, in the fundamental region. 

Applying Theorem 14, See. 43, we determine all functions which 
are autotnorphle with respect to the modular group and have no 
other singularities than poles in the fundamental region. 

Turonnse 2—The moat gencral simple automerphic function 
longing to the modular growp fg a rational function of J {x}. 

We next consider the values of J(r) at the vertices A, &, 
CofR. AtAwehaves =p = —l4 +! iv’3. Here, ep isa 
vube root of unity, so p'= 1 and p? + p41 = 9%. If, in 


: 1 
gi(l, e) = oS Gn male 
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we multiply numerator and denominator by »", thus inserting a 
factor o* in each factor in the denominator, we have 
1, co) = 60p* = Sh SS 
on(1, 6) = Oe" > trast m’}* 
i i 
= oh SS im’ — im — imp)" p* geil, 2), 
for the terns of the last aumunation are merely those of the 
original sum arranged in a different order, From this, since 
p* vf 1, we have 
gil, 9) = 0, Sfp) = o. (23) 
J vanishes also at the congruent point B. 
AtC wehaver=% Then, 


l, i} = “+ joer eo 
nl, } = 40S Ba 
- 1408S (ma —m'y* = —g(1, #). 
From this we have 
gill, 1) - 0, Jz) - 1, (24) 

We Propose how ta find all points of Re at which J{r) ia real, 
We consider the reflection of a point + in the imaginary axis; 
nupely ro = —7, where, aa hitherto, the bar indicates the 
conjugate imaginary. We have 


Lry-oy | _.; = ia 
gal, +’) (1, 1) = ON 


amd (we — mr)" + mr)" 
0, ll, } = gel], +). Similarly, ga(l, +’} = gi(], +); and 
Jiz') = Jr). (25) 


There are two cases in which J(r’) = Jir). If 7 lies on the 
imaginary axis, it coincides with its reflection, and r’ = +, If 
? les on the boundary of Re, ita reflection 7’ lies at s congruent 
point on the boundary at which J has the same value as at 9. 
in both cases we have 

Sir) = Jir), 
and J(7) is real. That is, J(r) is real on the boundary of Ry 
and on the imaginary axis. ; 
There are no further points of Ry at which J(r) is real. For, 
if the function is renl at any other point r, of Ro, we have Jir,) 
= Jim) = Jir:’); and the function takes on the same value 
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at the two distinct inner points r,, rs" of Ro, which is contrary 
to Theorem I. 

it follows from the preceding that the imaginary part of the 
function J{r) — u + i has always the same sign in each of 
the halves into which the imaginary axia divides A, If, > 0 
and v,, < Oat two points of 22, on the same side of the imaginary 
axis, and if r trace a curve } from r, to re, lying in R and not 
meeting the imaginary axis, then © = O at some point of &. Ab 
this point, the function is real, which is contrary to what we have 
just proved. 

It remains to find in which half © is greater than zero. As r 
moves fram A to C along the boundary of Mo, J(r) moves from 
0 to I to the right along the real axis in the J plane, Points in 
the neighborhood of the first path and to the left of it go into 
points in the neighborhood of the second path and to the left of 
it; that is, inte points of the upper half /-plane, Then» > Oin 
the Ieft half of Ro 

We collect our results into the following theorem: 

Tueorem 3.--Wriling Jtr) in terme of its real and imaginary 
parts, Jix) = w + i; then v > O at the inner points of Ry fo the 
left of the imaginary ariz; x < 0 at the inner points of Ry fo the 
right of the imaginary exis; » = 0 on the boundary of Re and on 
the imaginary axis. Also, vo,” = —v,, where rts the reflectron of + 
in the tmaginary arta. 

The Inst statement of the theorem is an immredinte conse- 
quence of (25). 

The function z — J{+) maps the left half of R, in a one-to-one 
manner on the upper half z-planc and maps the right half similarly 
on the lower half-plane. Asr moves upward along the imaginary 
axis from C to #, z moves from | to the right to +. The 
two halves of the z-plane sre joined to the right of z = 1. Rois 
inupped on the 2-plane bounded by a slit which extends along the 
Teal axis from z = lL toz = —*«, 

68, The Function A{r).—(#¥ the elliptic modular functions 
belonging to @ subgroup of the modular group, and not auto- 
morphic with respect to the whole group, we shall treat here 
only one. The funetian which we shall consider is’ defined as 
follows, 

€e — €5 
X(r} = 5 ae (26) 
where @:, es, €s have the definitions given in Equation (6). 








158 THE ELLIPTIC MODULAR PUNCTIONS [Sxe. && 


We note first that \ is, in fuct, 2 function of the ratio + alone. 
We write Q(z; w, w’) to call attention to the dependence of the 
}-lunection on the periods, Since all the terms in the series (2) 
defining % are of the (—2)nd degree in z, w, w', we have 


Plz; uw, w') = ENB(Ke; boo, bo’), k = O. 27} 


Applying this to Equations (6), taking & = L/w, we have 


a= ee “') = moa Ct 1.) | 
, : l 
ts — wr w, = ra me ss 1, "), (25) 


‘i= "(5 u, w') = 2 8(gi4.7) 


On forming the quotient in (26). w cancels, and » ia a function 
of r alowe. 

The uniform convergence of the series that define the fune- 
tions of y uppenring in (28) can be proved for any cloeed region 
in the plane which does not contain points of the real axis. 
This proof follows the lines of the convergence proof in Sec. 65 
and will not be given here. These functions are then analytie 
in the upper half plane. Bince ¢,, c, ¢: are unequal, A{r) ie an 
analytic function of +, and nowhere takes on the value 0 or the 
salne 1, in the tepper Aaif r-nlane, 

Consider the group generated by a pair of periods we, w’ whose 
ratio w'/w is r. Let w), »,’, Equation (9), be a second pair af 
primitive periods with the condition that ad — i = +1, Tho 
ratio of the new periods is given by (10), For the new periods, 
we have 


ec; = ¥ (“== : és" = oo + dw +> ax of. “\, 
(23) 


2 2 
; "+ bw 
Pre 3(“ 7} 


Since we are dealing with the same grotp and, henee, have the 
same $-funetion, we have the same constants as before. They 
an: possibly arranged in a different order. And a rearrangement 
of the constants in (26) alters the value of X, in general, 
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If now (ew + dw)/2 and »/2 differ by a period, that is, if 
feu’ + (d — 1) /2is a period, we have 


(~—) = a3)" e;’ = ey. 


‘This occurs if, and anly if, ¢ ia even and d is odd. Similurty, if 
(aw 4 bw) /2 and o'/2 differ by a period, that is, if ( {a — 1)" + 
hw) /2 ig a period, we have ey’ =e). This occurs if a is odd and 
bh is even. If the preceding conditions hold, the remuining 
roots are equal, 4: = és, and A is unchanged. 

Now if b and ¢ are even, 6 = 26', ¢ = 2c’, then, ¢ and d are 
oeweanrily odd, as a consequence of the relation ad — be = 1; 
and we have ie 

ary le oe 

ate 2) — dr), ad — ae = 1. (20) 
xr) is thus unaltered by all the transformations of the subgroup 
treated in Sec, 38 and whose fundamental region was found in 
Fig. 30. (Por convenience this region is repented in Fig. 48.) 

69. The Relation between X{r) and Jir).—If we make a 
transformation of the modular group which does not belong to 
the subgroup af (30), there is an interchange of the roots £1, és, ¢s. 
All values of (26) which can result are contained in the following 


table: 
able ‘ Sig i 





6M 0 Sere | 
i — 6 ; er = & 1l1— A €)3— & s (31) 
7 Te ee SR. eae 


C:; — 3 AY ei —t& A! ey — €1 


These six transformations of \ constitute a group, namely, the 
group of the anharmonic ratios (Sec. 36), 

If, now, we form a rational symmetric function of the six 
quantities {31}, we have a simple automorphic function Ffr) 
belonging to the modular group. For, in the first place, any 
modular transformation merely interchangrs the quantities 
), e, ¢; In a certain way and docs not alter a symmetric function 
of these quantities. And, in the second place, such a symmetric 
function of the reota can be expressed as a rational function of 
the eoofficients gelw, 0”), gale, «’), and, bence, also of @,({1, 7), 
dill, r). The latter two functions have no singularities other 
than poles in Ay (including the parabolic point); whence, a 
rittonal funetion of them bas no singularities other than poles. 
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Then F(x) is a simple automorphic function. It follows fram 
Theorem 2 that (r+) is & rations! function of J (+), 
We shall consider the following symmetric function: 


Fir = A+ ys sti (4H+ NC, + V4 +1) 


(— +1) 
_ FL = a2 — 1 7 
xT — 0}! ($2) 


Putting this in terms of ¢,, ¢), é:, we have 
Pp) mem Le os = Meshes + es — eden + ts — 20)? 
(e, — €3)*le— — ex}*le, — €3)* 


From Equation (7) we have ¢, + ¢: + ¢s = O; e;eets — ga/'4. 
Using these relations, we can write the numerator of (33) in the 
form 








(38) 


(—des)*( — de,)*( — dey)? = ~ So 
The denominator of (33) ia equal to the discriminant of (7), save 
for o constant factor, We have, in fact, 


(ey — €3)*(ez — ey}*(e, — €2)* — Vigtgs? — 2792"). 
Then, 


3%," 
Fir) = - 8, = Ml — Jie) 4) 
From (34) and (32) we have, with a little calculation, 
IGai- Glee oat (35) 


~ 2° INL —d)? 

70, Further Properties of A(r).—We first note that for each 
point of 2, there exist five other points which are congruent by 
the rnedular group. In Fig, 49 we have superposed the modular 
division of the plane on By. Representing the left half of Ry 
and the trinngles congruent to it by the + sign and the right 
half and its congruent triangles by the — sign, we observe that 
there are exactly six copies of ench. Then J{r) takes-on cach 
value ate times in Bo. 

We next show that Mr) is a simple automorphic function. 
The only doubtful matter is its behavior at the parabolic points, 
Consider the parabolic point at infinity. If, in accordance with 
Seo. 41, we make the change of variable 2, = et (the sides of By 
being congruent by the tmnsfarmution r° = + + 2), the upper 
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ond of B, is mapped on a region similar to Fig. 47, and A gors 
over into a function of ¢, which is analytic in the neighborhood 
of the origin. If \ has an casential singularity at ¢; ~ 0, it takes 
on certain values an infinite number of times. Then, from (35), 
J takes on certain values an infinite number of times in Bo, which 
is unpossible. Hence, d is analytic at 4; = 0 or has a pole there. 
Similar remarks apply to the other parabolic points, Then Afr) 
ig a simple automorphic function, It, therefore, takes on each 
value the same mumber of timrs. 


—_e oe oe ee coro oo" 
Lael 





-} u i 
Fig. 4%. Pan. 49. 


The exeeptional values 0, 1, «, which are taken on nowhere 
in the upper half plane, are necessarily taken on in the para- 
bolic points 0, +1, #@. The points +1 and —1 are congruent 
and bear the azame value. We shall now determine in which 
points these values are taken on, One method of procedure 
would be to seek the limit approached by Ar) as © approaches the 
Parabolic point from within the region. An easier method is the 
following: 

Let us make the change of periods {ve (0) and (10)) 


wy ea tae ow = wow, 7% = tT + 1. 


The new constants are 


Faa(@) =9(0)= 
w=) “CH =n ees 


pio Rael «ON. Nod. 2 » 


ac, i |=? oe h—1 
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Now, when we make this change of primitive periods, - = 0, —1, 

* go into r = 1, 0, @, respectively; and 4 = 0, 1, © go into 

Ve 0, ©, 1, respectively. Since +r = = is unaltered, the 

corresponding value of } is unaltered. Henee, Af) = 0. 
Again, make the change of periods 


ao 7 1 
wr —_= —d, ou, pe ls — . 


: 
i= 2) - (>) = Cy, 
¢; = “() aad (-3) = ¢1, ¢s' = €s, 


= SOS yey 
C3 — e ; 


and 


Here,s = 0, —1, © gointor; = «©, 1,0, reapectivelys;and) = 0, 
1, » go into 4’ = 1, 0, @, respectively; whence, Af +1) = &, 
A(0) = 1. 

We shall now prove the following theorem: 

Taronem 4.—The function X(r) takes on cack value once, and 
only once, in the fundamental region By. 

Each simple automorphic function belonging to the awhgroup is 
a rational fienetion of Mr). 


We find, first, the order of the zero of A(r) at the parabolic 


pointat #. Asr—> «© in By, \— 0, and, from (35), 
MF —» Age. (6) 
Changing the varinble to ¢,; — e**, we have from (22) and (15) 


l I 
J = Taoq, + co + eat + eee = Tyoara + oh oh’ + ries 


J thus has a pole of the second order at £, = 6. Henee, from 
(36), A has o xero of the fret order. Since d(r} bas one, and 
only one, zero in Ho, it takes on every value exactly once. 

The second statement of the theorem is a consexpuenee of 
Theorem 14, See, 43. 

The reality of \(+) can be treated by the method used in 
studying the reality of J(r}. We find bere, also, that A{—7) 
mA(r); and by repeating practically verbatim the reasoning in 


connection with Theorem 3, we show that A(r) ¢¢ real om fhe 
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novndery of Bo and om the imaginary aris. The right half of By 
corresponds to the upper half \-plane. 

We close the chapter with a general theorem concerning 
modular functions, 

Tupouxm 5.—icen a eubgroup of the modular group whos 
fundamental region consist of & copies of the fundamental region 
Ro of the modular group. Ther any simple aulomorphic function 
fir) belonging to the subyroup iz connected with J(z) by a@ relation 
uf the form 

wif, J) _ (, 
mere @ 9 a polynomial of degree not exceeding k in f. 

‘The fact that an algebraic relation between f and J exists 
follows from Theorem 12, See. 43, since J(r) ia, obviously, a 
“mple automorphic function with respect to the subgroup. To 
each value J, of J, there correspond not more than & distinet 
values of f; namely, the values of fir) at the & points of the 
fundamental region at which J(r) = J,. That is, the irreducibk: 
relation connecting f and J is of degree & at mast in ff. 

The equation (35) connecting J and A’ & an example, 





